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Foreword of tlrе tefеtеe...

l tlink tlrat the book ''Pfoсееdings of studеflts сonJеrсnсеs in Мatlrеmаtiсs' is a useful
and verY niсe сolleсtion of рaреrs on tЬе toPiсs of undoubtful iflteтest foт tltе studсnts
of sсirntifiс fасtr]tiеs of thс univеlsitеs, Oп eaсh рartiсulxr toPiс tlre рrinсipal rcsults аre

Рrovidеd, sometimes even suggеstin8 diffrrcnt w^ys to Provс thе sаmе stаtеmеnts, so
as to give tlre studеflts 1hе oppoftunity to undеrstalrd bettеt what dlеу arе stuсlyi0g and
to 8еt an сssеntial idеa of the whole аrеa of mathеmatiсs of whiсh dlе ехposе(l ti]eoпеs
LLke per1. In somе parts thе ехposition is q ite oгiginal and unusual. stln]rning uP' I

п,ould sey fiat tlris Jюok сxn Ье usеd in tl're сoul'sеs of Analysis at tI1е Lшivегsitiеs as x]r
ехсellеflt supplеn]еntary to thе ехisting tех1Ьooks'

Antonio llаrino,
Profеssof of МadlсmaLiсnl 

^.nal),sis,llniversiti сti Pisa, Itl]y



Рfеfaсе

llrе Ьook you xrс oPening now is an attеmpt to dеsсгiЬе somе rеsults of xn ехperitDеl]t
in tlie сoulsеs of Маd1еmatjсаl Analysis to studеnts of of Plrysiсs and МаtherDаliсs. in
1aс!' а сolllll]оn pгolJlеп in tеaсhins мathonatiсal Analуsis aL thе UnivеБiliс]s is tlиt dlе
Ьulk of oЬligarory iлfol]nation to Ьe сoIrxluniсated to sгudеnts is gradual]y ioсгс]sin8i
Ьеsklсs 'сlassiсаl' thсory of lilnсtions, thе сoulsеs arc to inсludе floIv 2 deal of genеml
toрology, ftlnсtional aпаlysis xпсl oреmtor thеotу. .Гhus, пnlеss o11е wаnls thе strrсlеnts
to spсnсl all thсir tiпс stuфin8 only Алalysis, oпэ is, howеvеr Peinf ] it n1igh. Ье, to
леglесt sofrе of dlе topiсs. But Ьеsidеs Ьеing unplеasalrt |of any n]xths tеасhеr, suсh
оmi jiпg of anal}tiс2l stulf сan nеvel ье aЬsolutеly harыеss for students, 

^ 
рossiblc

sollltion to tlis ploЬlеn would Ьс to lеavе somе of dtе bеal]tifli and ilnPortrnt, Ьut
Usuellу пеglесted сhapterc of Аlralуsis to thс studсnts in oldсг tЬat thеy sгudy dlеsе
xrЕNmеflts il1 а pгofouпсlъ'ay Ьy tllеnrsеlvеs, suсlr eп 1Pрroaсlr Ьеsidеs beirrg usсI l 1Ьт

i tеaсher allowin€. liлr to сonсеnt.ratе tЬе afiепtion on fеwеl ссntгаl alвLlmеnts of tlrс
сolnsе, is also of €lrеat helP fof tllе stшdeпt, who in this way is сonslтainеd to un.lеftаkе
lris owfl еffЬfls to ]сam Anаlysis |manuxlly', not jLlst making tехtЬоok ехсerсises but
doin€. sorl)е еlеflents of indеpелdеЛt 

'еsсarcl],
Lеt Lls пow ехрlain in Ьriсf the orgaDization of thе stl]dеnls' wo1*, one of thе lеsu1ts of
wliсh is fiъ Ьook, ,thе 

'геseerсl]'' topiсs аlе nofirаlly сhosеп by thе stL]derrts thеDБеlvеs.
lt is suррosеd fl|fd)еI that xny stLrdсnt сan undеr thе apploрriatе sсiеntifiс sllрегvlsLoп
dеvehР any сЬosеn aIgumеnt, howеvеr сomplех it miфt sееm. \ис lroPс tl]at tioп thс
[,юсllr it ъ.orrlс1 lэе сleal йat suсh ап essumРdoп is jltstifiеd by an ехPefiеflсe, slrrl1iпg to
]ook 

't 
the givefl suЬjесt, thе stuсlеflt is fiIst of all to ovеfviеw tilе ехistiлg litеfaturе. Мosl

sгuсlеnts ho\4,еvеl., do not limit thеmsеlvеs by simр]е сomPilatiotr of dlс known fасts and
лraking a sufi,'еу of the liteIxturе, they rad1еr tеarтangе thс п]atсгjаl Ьy thеit о.dег oг
ideаs. sornсLifllсs еvеll filling it wifi схamplсs of tbеir.own, surе1y, tЬis frqliiгеs Е]Iе1t
сffoГts botЬ fгonl tlre sшdеtт аlrd it.s slipе]visor; Ьut Ll{s flеl'еr сomеs out to Ьe in \.tin'

v,het уoo llnd in d1is l]ook :rrc systеmizеd сollесtions of knoптl teslllts Рfеparеd by the
stuсlепь wl 1е wofking at tье assigпеd гesеalсh topiсs,.l.hеy сonсеrn fadlеl сlеl|с:ltе,
l]Ut ЬсaLltiful anсl \.ely impoftxnt Pafis of ani]lуsis, whiсh nofл1аl]y аrе dеstinalсd Lo bс
nеs]lесtеd in thе Аlralуsis сoulses, l.hus wе tьjDk tllаl thс book migьt Ьe intеrеstiлЕ{ fтom
at lсаst two PoinБ of viсw: first, fof еvеlуbody, as ап ''еasy rеadel]]е' supPlепlеnt to dlе
сxistiпg Aialysis tсхLl]oolls, and, sесonсl, as a souгсе of idеas fol thosе intеrcsted in the
аЬovе-с!еsсгiЬесl didа<]tiсal aрргoaсh. wс hopе dlаt ouг Ьool{ Ье insрiring in tl{s sеllsе,



Aсknowlеdgmеnts
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W'olI( п,.as tlлdеfiaken tt thе DсРaftmеnt of сomPlltcr,1с(llnolo!ry. of Рil,.Мo' \,ill)jn
thс fiallrсwork of thс spесia1 eduсatioпal Рroieсt,
.Гhjs proieсt aimеd at seleсtion and traifling ofyoun8 pеoPlе txlсotеd jп the fiе]d ofсх.lсt
sсiсnсеs l.]2s Ьeеn ]aunсhed iп st-PеtеfsЬurg 6 yexб а8o' lts лlrin iiltеntion was to Lrrinя
tlp lt}е high lеvсl sрeсiаlists in Llrе spherc of tЬе apрliеd m:rthеmatiсs, сomPutаitonil
ph},siсs аfld сonrputсr sсiеnсe who wou]d Ьe aЬlе to aрply tlre latеst aсhiеvеmепB of
sсiеnссs to t}rе сonсrctс ProЬ]еms of iпdustlу' stlсh en е't1гa сlass tlxininя fol a so]a]i
еlitary gfollps of sPесially selесtеd stLlсlеllts is рl,ovjсlесl оtl rhе h.L5jь of Ье speсiаlly
follпdеd Division of ApPlieсl Мathеmaliсs afl(l Physiсs whiсh сoпРrislэs Ьoth re Fxсulг},-
of Physiсs of st'Petflsbufg l]nivlэгsity and dtе Dеpaftrnent of сoпplltеr ]'есl-moloj]y oГ
РI|Мo' 'l.Ье staff of thе Division сonsist of the eхpеriеnсеd Lеaсhеlъ end prюIеssсlгs of
lле IFМ() and the st,РeteftjЬuг8 stаtе Ulivеisity' тlrс annual adflittаnсс to the D]v$l()п
is аЬout thifiy young PеoPlс, 1ъе systеm of stuсlеnt sеlесtion is Ьasсd fiБt of :tll on dlс
uniquе st'Pеte$l)urg nеtwork ofsPесiel рhysiсal and matlrеmatiсal sсIrоols, -l.lris nеrworк
has Ьееn liuitIully working foг пorе d]an forty yеars' only сllnins thс lasL t\\.o yс:rь
РuPils of thеse sсhools took пroгe dlan:r hJlf of thс tota1 п.пrrЬеr ofplасes in fiс Russiап
]utiona] tеаrrъ аt 01е Iл!егnаtional o]уmpiiLds in ma )еorxtiсs, Phуsiсs апd сoпPlltсr
sсiеnсе and Won thе gЙtеI Pert of Russians xw:rгds,

DеvеloP]nсnt of the resеarcl] skil]s is сonside1сd to ьe oirс of tlle nrajn goаls ofесluсatioЛ
at thе Division, stlldеnLs aсquirс tlis еxpedenсе whсn сarlуifl!{ ollt a nrrmсгous сyс1с оf
сollrse works whiсh havе сеrЕjn Iesealсh fеetLlrеs, .l.hese wofks staгt at d]e vеr!
bеginпirц of thе firsr сoursе of sttrdy аnd сontilluе duй]g 2ll 1ъur yeafs of studу, Тhis
еduс;ttional рrojeсt is mainly intеndеd to iпteg]'llе Russi,l into dlе top lсvеls of tllе
intсInxtional edllсation: аnd гсsсarch systern..t.het is whу PxniсLll atteotioo is Paiсl
hе1e to sеtttiп8 tlp long tеml соoPеrаtion wjth t}е сou1ltriеs oг вuroPеa11 Сomп1uniq,,
Now thе Division lras sеvсral сoлlllitmеl]ts widl thс Ьсst Еtlloреan Univefsities aЬout
furtlrеr traioiпll of ouг studелts on ]-hс mlБtcl aпd Postgгaduatе levеls' Somс oI tlresс
сommitnrепts inсludс thе subsеquепt tеiсh]n8 ofsluсLеnts аt orrг anсlforсigп uпiveБitiеs
:lссording to d-tе sресially foflnеd joiot stt|ф p]:rns,

,l.hе 
Ргojесt authoгitiеs, plof. иadinir \,., v:rsjliеv (сlrief) anсl ргoi vlаdimif G. Pаrfсno\.

irc gr:rtefuiу aсknos,lеd8еd. тlrе еdilo$ worrld likе elso to eхрrеss thеiг thаnLs to ll1е
stЦеrvisoг of thе Ргojссt Prof. Nilolаl. Y' Dodonov, Lest' ЬLlt лot lеast, wе wolrlс[ llке tо
thxn]< pтot. Antonio Мlriпo (UпivеIsita di Pjsx), Prof, Fl:rлсо сonti (sсuola Normnlс
stlPeiore, Pisa) for thеil intегсst in thе our \\'ork ar]сl fol tЬеir parliсul:lг attеntion to llte
D{е]jminalv vеlsions of thь ьook'
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Aьsolutс сontinuity ol jnduсed mеasuтe

A Critеrion for Absolutе Continuitv of Induсеd Mеаsurt.

A. Zdoтovtsеv

Introduсtion

Lсt a mеasulе д aьsolutф сontinuous with lсsp€сt to thе Л.dimеnsiorral LеЬesgue
measuтe ,l Ье deJined oп a, гegion Q с RN. As an еxampte one сan think of a пeа,suге
geneтated by al 1{.dimensionаl таndоm veсtoт x with the initе proЬa'Ьjlitу densjty

2(х). Coпsidст the tтaпsfoтmation of д ьy tie rrap f: Q + Rм (h gercтal, М l N ).
It is a mеasuтe induсed Ьу р ьy tle map f deinеd ьY the тe1а'tionshiр

pf B = pf-\(B),

wheтe f_1(в) с 0 is the pтeimage of the set B. The question aлises, when thе induсed
measllтe i6 also а,Ьsolutely сontinuous with тespесt to the ,\,1-dimеnsiona,l LeЬesguс
meаsuтe' Ъanslated iлto telms of thе given exiltrlp]e, jt fоads: in w]rjсi са,sе the
tlansfoloed lа,ndom veсtoт Y = f(Х) has a initе рIoьaьility drnsitу q(y))?

Thс aЬsotutе сontinuity of д will Ье imptied Ьy t,he aьsolrltr соntinljty o{ )r' tьe
measuтe irrdt сed undel thr aсtion o{ f Ьy the LeЬesguе meа,sure )' In {aсt, if )f is

а,ьso1ute1y сontinцots, then foт any set Z'\Z=9'ho\ds

^rz=).t-'(z)=0,
whiсh impliеs Ъy aьsolute сontiпuitУ o{ Д' that

щZ=pf-'(Z)=0'

Theтеfoте it is stmсjelt to sоlve thе pтoЬLem for 1,he LeЬesgue measule 
^ 

vlhiсh we

сonsidel in whа,t follоws.

Casе I: .41 : iy'

We prove Theorem :1.



A. Zdoтovtsev

тhеorеm 1 G'ioen a mаp f ol а rсgion (an opеn ant1 сonnеctеd, sеt) Q С RN into
ЕN , and let D ье ,its cr{'|icаl sеt (thе sеt oI points at uh,ich f is diflетеntiаblе and hаs
Jоcobiоn с1etI, - 0)' Then thе mеаsuте ol thе imrlgе oJ lhe cr'itiсаI sеt

Af(') = 0'

PRooг. We fiгst pгove the Iollowing auxilialy lеsult-

Lеmmа 1.1 LеI а m(Ф f bе d,iffelеnIiоЬIе аt tI point х € Q аnrl hauе Jаеolliаn

dсif,(х) = dctL =,.
,1'hеn 

Jor аnу е > 0 therе еIists а nеighЬorhood, U of х such |hаI lor аnу finitе colleсtioп
o! po,inLs х1,х2,. . . ,хN € U

y{(f{х].flх|),,,,,f(хvl))_ l yl(х.х'.'.'.х\)) < .(ln"ах |-.. ').
1/'ilсrc (.' , 

' 
. ' ' ' 

.) dеnotеs Ilrc N -d'imеnsiono'I simpl* U]ith thе fespeсtioе summits and
V dсnol,cs Ihе аlgеьmic tJоlumе .ounting o|ienlalion (positiое Jor rigllt siпlplicеs o,nr|

nе!аti\Jе .for IсJL onеs).

I,Rooг o!'1'li0 LЕ},tMА. Without loss of 8епеIalitу we may сonsideт that

x=0' f(х)=о,
,гЪеn thс vo]urnes of simрliсes aтe eхplessed by the determinаnts:

У((0.х .....xд)) - | l".i* ....,*n,,

y((o, f(xl),,.., f(xл))) = + d"((*,),.'., (*л)).
/v

Now take a sufiсiently small 6 > 0, By dеnnitioп of a dетivativе therе is a neigh.
Ьoгhоod U of x suсh that at any рoint t с U

f(t) = Lt + u' |]u|| < а||t .

Considет an arЬitтатy set of points xl,х,,.. ' 
' 
х]v € U. !.oт them we have

f(х")=Lх"+u"' |u'.|<l||х"||.

.Ihеn

det(f(х1)'...' f(xд)) = dе1(Lхt + ul,'.., Lхrv + uл) =

= 
' 

* dеt(u;,, u;,,..., u;";Lx;,, Lхi,,..., Lхi"-" ),
ii<i.<.. <i"

3



4 AЬsolutс сoltinuity of induсril measurе

whelе 
'1 

< 1z { ,..1lм-, is the сoraplеmcnt ofihe set of indiсes i| <N2 <.'' < i".
I{erlсе

Id€i(f(хl)'... 
' 
f(хr.)) Zdеt(х1,.'',xд) :

] det(f(x1)'... 
' 
f(хд)) - det(Lх1,..., LхN)] :

Il,L,,, :!do|(u'..Ui],.,'.ui":Lxt'.Lх',''',.Lх'' ",l1r. <,,< <ii i>0 
|D Idei(ui,, ui, 

'. '., ц";Lx'', Lx.,,. .., Lх".--)l i
'l 

<i,<,,,<jiin>0

Г ^ u;.l'' u;,1'.'...||u..|| .Lх;;| '1JLх,,'' '''''1Lх,, .]| l!r<rr< <i^ n>0

' '6"l]х'.il 'ilx',]] ','..]]y."]l . ||r||,-"ll*.' ll ]]"',]] '.. ||*."-"ll :ir<ir< <ii n>0
/\
l 

' 
6"||[||N. i х|i| '||х,|| .'..,l|х^ll .

\1r <r,< <r",n>0 J
.,N ,.,.',.^,/ ,\Nlz,. l)0||LlI,'-.(mах х"|l,

foт 6 sufiсiently smаЛ (6 l lll]l). тhis implies the statrmсnl, of thе lemma: lr Б
Бdliсient to tаke

^. 
с' - (2л |]||L||]v '. 

_

вy Leшmа 1'1 if a point х ьelotrgs to the стitiсal sei D (in lhis сasr 
' 

_ 0),
1hen fol any € > 0 thelе ехist6 a nei8hьoтhood U(х) suсh that for any 6et of pointБ
х1' х,' ' ' .l xrv с U(х)

Iy((гlх|. гlхj ),. ' '.f(х"))J < s(ma-\||x" х||)'.

Tа,ke an aгbitтary e > 0 aпd foт еveту loint x € D сolLstтцсt an ]v dimrns]oлat
раraiie1epiped 1* э x witlr lа,tjоnai Бummits еntirеly lyirLg Jn thr neighЬoтhood Ll(x)
сoттеsponding to the givеn € (and aiso in the rеgion Q).

вy сounta,bilitу of Q (the set of 1аIional Poiпts) suсh pатаllelеpipeds сonstjtutr a
сountаЬle сovетing {?'1} of l.

Now соnst.uсt a system oI л-diфеnsional сubes {?D-} on the Ьasis of t}e svsteт0
{?д} Ьу indtсtionl

We сonsider thе рaтаllelepipеds 7', Т,, . . . one Ьy onе and add to thе system {P,"}
the s€ts of сuьes gеnerated by 1heп in the following wаy. sцpрose the еtеmелis of
{P*} gеneraъd Ьy the pа:'а,11e1epipeds щ,.ц,...,Tkj а,rе аlтeady сonstтuсtеd' тhсn
thс рa]:t of 7l not iiterseсting with thrm (denotе it Ьy zl) сan Ье тeplesentсd a6 the
u1rion of a finitе sеt of jdеntiса,] 1{ dimensionа,] сuЬeв Ьeсausо ?rl1 the aimеnsions oI
А aгe lationa.l a1rd саn ь€ reduсed to a сommon deпonnina,toг, Determinе IoI eа,сh of
tlrese сubes whetheт it сontaitrs э"t lеast onc point x suсh that ?'* :4.. We add to th€
вyst€m {Р-} .(on Ьehalf of,' 4 those сuЬes Whiсh do.

The sуstem {P-} has the lollowin8 pтoРeтtiсБ:
a) It is dьjoint and tЬeтefoтe has totаl volumс not mole than the mеasoтe of lhe

wI o.р гngiurr ,\0' Т|'i. i. с|ёа" tтom t|'с .n| s1,r |.т:о,|,
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ь) tt сovers the set -r,. I,rоve that Ьy сontтadiсtion.
suрРosе thele ехists а, point х tс , not ьеloпging i,o any of the сuЬes P-. сonsidеI

thc parаllсlepjpеd ?.,, = ?'. Ploсessing it when сonstrtсtin8 {Р'"} rve seрaratеd its
рalt not intсгБссtjлg with thс сuьсs aheiidy сonstгuсted jпto a sс1, of disjoiпl сuЬеs,
sinсe х is ot сoveгеd by {z-], it hаd to lie iп one of those сuЬеs. l]ut then rvehаd
to add th?Lt спЬe to {l,-} as (ontаinjn8 thс point х suсh that ?i = 7*, thus соve.ing
х' This is a соntrаdiсlion.

l)сnotе Ьу t',. onс oI thr Poiпts of ,] due to lvhiсh the сuЬе Р- еntered the systerl

{ P'., } ' Wc hаvе
P",СT,-СU(х^).

IIепсe Ioг anу sсl, oг рoints хr,x,' ' ' ,l хл € Pa

I 1(fl t,.1. f(х1). ' ',. f{х,' ]))| . . (mj-х ||х" _ 
'-|') 

' 
{

<.(r',\, tл1,-)" = € NN|, 
^P-.

Nоw сonsid(lг аЛ aгьitr;iгу sin|l)lсx (*'''. .'x"+') € P'". гоr it wс oЬtain

и((f(x1),, .. 
' 
r(xд11)))| 3

s' и((f(х.)''.',f(х,.-r),{(t",.),f(х"+l).....f(",+')))l <.(N+1)лNi,)Р-,

Tlсгelorс for anу sсt oI Points yI,..,,yN+l € f(Р'") the volulnс o|simрlеx rvi1'h apitсь
y., dосs nol схсeed 6(N + 1)]vN/,+l^P.. We need the {ollowing lеmnit.

Lemma 1.2 GiФп а sеt /l с Rл suс,t lhаt |o| аnу frnitе сollеclion o,| poiт|ts

Уr, ..., Ул+r € Л
]y((y''''''y"*.))l < с,

шhеrе С is somе cor|sto'nt. Then )'B ! 0уC, uhеrе the сonstаnt 0N dеpеndз onlу on

Ihe dimеnsion oI thе spaсе.

PRooг oг тIlD rЕ},{N4^. гоr simрliсitу we тestтiсt ouтsеlvеs to сonsidoгing thс pla-

nar (.М = 2) сasе' The pгoo{ са,п Ьe then simply гeiteгatcd word'to.wold fol a,Iьitlary

Deпotе Ьy s the supтrmum o[ the ?!геas o{ the tтiangles witl summits in /]. Theтe

eхists 2! triangle 
^хY 

Z, wirh х,Y,Z € B' .wьich possesses an alea

trea(ЬXУ Z) > S12'

Гoт thс hеights of this trianе\e Eху, Exz and llyz wе obtain thсn

s 2s s .. 2s s ,, ,2s
Yу.<н,"s|\Y|. ',n< flхzs 1хZ1. 'Ya< 

nуz:, w''



Ah5olUtр .ontinldIy oг indIlс^d m^is |Г"

Гor any Point И € в thс а,1еal oг thе tlians]es Afyи, 
^х 

ZW and 
^Y 

Zw

Aтea(AХУlИ)' Arеа{ 1хх ZW) 
' 
lхтea'(ЬУ zw) З S'

Thеn foт 1ie heights лхy, hхz aпd hуz' droppeсi fтom thе рoint 
'Il 

onto thе сolтe.
sPoпding sidcs of these t aл8]еs, wо have

.252525лx] 
-< i?тт. h:.l 3 , u "'' l,уz S - .'.t^ zt tr Ll

Theтefoте any point Т,И € B ьelongs to tЬе rnеrt ofthс stтips, symmеtliса,l]y envсlopinв
fiеln|еs (XY), (х z) and (yZ), ofwidth 4s l|хY|,45 l1X Z and 4Sl УZ| гсspссt]vеlу.
flenсе the whoie set .a es inside this interseсtion,

вУ the le]ations for }Iху, Eхz aт\ё| ]IYz wе сan jnсIеase the widths o{ the str'iрs,
ea,сh not morc than twiсe, to make them РIoРоItional to tЪс lreights оf thе tТian8]e
AXУZ. oЬvious|y, the intei,seсtion of the еnlal8€d s1,IiPs сontins з as ьe1,olе.

.Ihс а.гea оfthe intетseсtion ofthе еnlа,rgеd stтip6 is maхimum $,hеn thс intетseсtion
is a сеntrаlly symmet.iс heхa8on алd is, in that сasr, 3/2 oI the aIеа, of the tтianglс
similaт to AxyZ' with hсights equal io the widths of the лew strips. Tle sirnilа,Iity
сorffiсient docs not сxсeed 4 .2 : 1 = 8. llenсе th€ а,тea of the inteтseсtion is not molе
thал

312 8"5 = A2S < 0'C,

whiсh implies

^B 
< 0,c.

Thi6 сompletоs the ртoof o{ thе ]еmma.
Lemmа 1.2 impiies that

^f(P-) 
< prvс(л + 1)rvN/,+r)P-'

.fiсrefoтe, sinсe {P,,,} is a сoveтing of D,

)f(,) < 

')f(P-) 
< ,N6(л + 1)лN/,+r 

' 
^P^ 

< 0Nr(N + I)NN/,+1^Q

tteлсe Dу aгt]]1татltУ l]1 Е wе л:l\.р

.\f(r) - 0,

whiсh рloves the theorem' l
We pтolз Theoтеm 2'

тhеoгeln 2 Giоеnamаpf oJаrcgtonQ с RN in,oRN, lеtD |,Jе i,ts с,ritico'l sеL' Lеt
I |)e differеntiаblе еI)eryФIrcrе on a set А 

' ^А 
> 0 ' d:isjoint юitll D , Th:сn thе mеasцlк:

o! thе imаgе a| А
lf(.4) > 0.
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l'Rooг' sinсe detf, f 0 on ,4' ьу сontinuity of the mеasuтe А l,hеIе rхists a suЬsеt
I{ с А' 

^K 
> 0, on whiсh the Jaсobiап is Ьoundеd а,way froпL zстo:

Idetf,(х)l >с>0.

AрРIoхirnate /( olltwaгdБ wi1h a, сlosed set d аlso of positive mеasuтc'

Lemma 2.1 LеtУ с1(G), Thеnf \(у)гlG is at mosl co ntаIjlе.

PRoot' o!' тllli LЕммA. Wс show that еvеIу point off-l(у)nG is isolatеd. Supроsr
lhe сontlaгy, i.е. that thст€ ехists a sеquеnсr of poirLts х} € f-'(у)n G сonvетgin8 to
a рoint t € f-r(y)nG't l x!'

lЪг simptiсity сonsidcт tha1

Y-O' t=0

Dсnote L = f,(x). llrеn we саn wli1е thc dеinit;on о[ delivat;vс as

ftх) Lх.-,,(х,. |,i{1! - r'. * , о'
|х||

AРplyiпg it to the s€quenсe х}, lvr oьtain

Lх, niх*], ...*1J|| _ o. ,. _ o.
хtIi

Ьесause f(xд) = 0. llеnсе {or аny в > 0' iГ A is suffiсiсnt1у laгgс'

||L",Il < €||", ||'

Whiсh imPlies that
nLr ]iLх| = 0.
'll='

l}ut the lа,ttсг is possiblе only if

dеtL=detf,(x)=0.

Therеforе we oЬtain a сontlirdiсtjon with thе аssumption dеt f, l 0 on thе s€t G.
IIсnсе all thс points ol f-l(y) п с aтe isolated. Thеn thеiг quantity is at most

сouпtaьle Ьeсause it is impossiЬle to alloсate а,n unсountaЬle set оf disjoint ьalls in
Rл. tr

Bу Lemma 2.1 foт every point y € f(G)

f-'(у) n G _ {8t(y)).

Plove сontinuity of а,ll 1h€ mа,pь ge : f(G) * Gl = gl(r(G)) on f(G). suppose the
сontтaту' i.e. that theгe eхists a Беquеnсе yn с f(G) сoпvеrging tо a point y € f(G)
suсh tlrat &(y,,.) doсs rrot соrrvelge to g}(y). Ехtlaсt fro'n {c*(y-)} a suЬsequenсе
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sсPaта,tсd from si(y) (disjoint With son1e neighьolhood ofsr(y)) and then exl'aсl,liоIn
the latteт its сonve.gjng suЬsequenсе

8}(y-")*х' m*oo.

It сan Ьe done Ьrсausё the set G is сompасt (Ьouпdсd and сJosеd).
l\тtlret Ьy соntintritУ off on G (f is eveтywhere diffетentiable on G)

y-" = f(&(y-")) * f(х).

Henсe
f(х) _ у'

вut thеn х = er(y) that implies that

ct(y-") * ct(у)'

thа,t сontта,diсts with seра,.aЬi]itу o{the sеq]rепсе gд(y-') аnd the point g1(y). Theте.
I'оrc thе maрs 8t а,те сontinuous,

Now сonsidет the sets G*. TЬey aтe сlosеd аs the сofltinuous imagеs of |hе dosed
sеt f(G). I{enсе they aтe mеasuтaЬlе. As in union thеy сonsi,jtute 1hе whotе G' thеrе
0хi6t6 '4 suс-h that

)Gь > 0,

Lemtcea 2.2 T|rc map g = go ,is difrеrеnt;ablе on E = f(G) and its dе|iш1t';1Jе

e'(v): tr'(e(v))l '.

PRooг oг тпЕ i,l]мl,1A. гoт sjmpliсity we pтove dil1ътrntiа,ьility at a Poin1' 0
assuming 8(0) = 0. Deпote L = f,(0). We hа,ve to slow that

i.е. that

в(у)=L-,у+a(9, ff.o,,*o,
lc(v) r 'vll

-0, y*0.
llvll

вY соntinuilу of f arrd 8 tIIе ]attrr is eqllivа,l€nt to

||х 
_ r 't(х)]]
ilr(dl:-o' *-o

(we have intгoduсed thс сhangе oI laтiaЬ]еs x = c(y)). вy dеiiilitioп of а dоrjvativе
!!. Ъаv"

|lх, L frx) _ к_Lr(Lx-o(х\j|l ||a(x)ii
|f("-'i- :lE;r;G'Г. _]];lГ _ l]. х,* U'
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whiсh is equаl tо

|| 
_ r,-lo(х)|i - lL L|l . l@(х)l|
l,*-",*) / . i,,''l'inI-Lх].||х|]' o(х)||

lI'his Pгovсs 1hс statсmеnt oI thс lсmma.
Notr 1ha1 on thс sсt -и

]dоtg,(у)| = асt[r,(g(у))] , 
= ]ldetf,(s(y))]-r] < t/C.

Now РIovr thai )I1 > 0. Supрosе thе сontтаrу: )1I = 0. Thсn lakе an aтьi1'гary
e > 0 aпd сovн ,l1 with a systеm of Рa.allе]€piрods {'иl} of tottr,] volumс

Ls't\ t ''
lrxгthсr, we сonstluсt afol]лd оvely poi1l1 y € Е a рaгaleleрiPеd zз with гational
sommi1s ontirсly lyilg in lhс parailсlcpipсd l,j/r э y and in l-t, a neiglrЬoгJrood oi y
suсh thаt foг any ]initе сollесtion of Poin1's у1, y,, , , ., y" € U n ,н

и((c(y)'c(y' )'...' c(yд))). det g,(y)и((y'yr'...' yл)) <

< аct g,(у)](,','* |y" y )N.
suс]l U eхists aссordhlg to Lemmа 1.L.

.I'hе systсm {z,} is a сountaьъ сoveтing of tЬе sеt l1 аnd nlay bс donоted Ьy

{Zl}. sо ьy сomplеle lni ogy wi1h thс ptoofofThсoтerD 1we сaп сonstruсt a disioint
systeФ oI сuЬсs {,13-} сovering ..1 and eпtirely ]ying in the union oГ the paтаllelepiрeds
tt. (hrnсe' о{ totа,l volume not mоте tha,n с). 1.hеn Ior aлy finitе сollrсtion of Points
У1,У2,.,УNеR^о]I

|и((g(z- )' r(y1) 
' 

. . . 
' 
г(yл))) - dеt g/(z.)v((,-' y' 

' 
. . . 

' 
yN))l <

< ldеt s,(z.)NN/,IAn ^, z^ с E.

ThercIoтe,
Y((s(,-), s(v,),..., r(v")))l <

< | det s,(z- )l,vл/,) ll- + |dett,(z-) |y((,-'y''.,. 
' 
y,))I s

< | dеt E, @^)1N 
N|, 

^ 

R- + | det 8,(z. ) | 
,\,R- -

= |dеts,(y)l(лNi, + 1),\-R- < l/C(NN/, + 1))Л.,..
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This impliеs, аgа,in in anаlogy wjth the pтoofof Thеorеrrr 1, t1rat fоI .Lп аxЬ]tтalу finjte
сolleсtion of рoilis yl ,.. . 

'УN+1 
€ в(R^о E ) the volume oI the sirпptex with sumlnjts

y" does not exсeed (л + 1)/C(лл/, + 1)),Е-' TЪen bу Lеmmа' 1.2

\g(R,^ п II) < qN(N + 1)lC(NN/, + 1)^R^.

Sinсe {Л'"} сovсrs Л,

AGt = )g(д) < Еrв(z- n я) < qN(N + 1')lC@Nl, + r) 

'^ri- 
<

< iN(N + 1)lc(Nл|, +1)€.
.Ihere{oтe, sinсe € сa1r Ьe сhosen arЬitтalilv,

)Ge = 0'

Whiсh lеadБ to a сoпtтadiсtion' Thts

вut 1i = f(Gi) С f(G) с f(It ) . ,r,l. .ioi l-*'*" ,*,
)f(,4) > 0. I

Theoтems 1 and 2 саn be сombined into ir, стiterion for i!Ьsоhte сontinrdty o{ the
iпduсed measuтe.

тheorem 3 G,;Dеn аn аIma|t еuеrуuhете diffеren'tiаЬIе mаp f o! a rеgion Q с PtN into
R,N , Iеt D Ье its c|itiсаl sеt. Thеn Jor absolutе continuitу of thе ,|ntlucеd mеаsurе ц' lt'
is nеcеssаrу аnd' sumciеnt that

A,D=0'

PRooI. l.i16t pтove the nесessity. Let the meа,suтe )д Ье aЬsolutely сontinuous'
Bу Theoтеm i

)f(') = 0'

Thеn thе aЬsolute сon1'iпujty imp]iсs that

), < 
^f-1(f(r)) 

= )f(f(r)) : 0.

^D=0'
Now prov€ su{flсiеnсу' Let )D _ 0. Supрose thе irLduсed meаsrlтe )6 is nоt aьso-

lutely сontjnuorrs, i,e. theтe exists a sеt.B, )B _ 0, suсh that

' 
)f(,]?): )f_l(в) > 0.
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sinсe f is almosl, eveтywherе ditrerеntiablе and )D = 0, thс paтt .n of thс set f-'(B)
on whiсh f is diIlетсntiaЬle and Jaсobi?m zeтo is а,lso of рositive rleasurе

A1i =.\f_1(ll) > 0.

But thеn Ьу Theoтem 2

)f(1() > 0,

whiсh implies l,hat

lB > lf(_a() >0.
.гhis is a сonhadiсtion' Ьenсe thс measurс )f is aЬsolutely сoпtiлuous. l

CaseII:М>ly'
W{r prove .гheorem 4'

тhеorem 4 CircllаmаpI oJаrcлionQ СRлfnfoRм, M>N'Iеtf bе пеrуatrcrе
difiетеnl'iаЬlе oтt' а 

'еI 
А С Q. TIrеn

^f(д) 
= 0'

PRooг' Intтod!сe the maр 8:0 х R,l'-lLr + Rм'

e(('',...,""')) = f((o1, .,'N)).

oьviouslу thс map g is di{lегеntiaЬlе on thе sсt -4 x Rм-N (Ьy di1feтentiaЬility oI f
оп,4) а,nd its Jaсobian det8, = 0 аs inсltdjng sevelal zeтo сolumпs' тhеrefore th€ sеi,

/ x R,'_N is соntaiпed h thе сгjtiсal set of the mа,p 8 and henсе Ьу Thеoгrn 1

)f(,a): )8(,a x Rм л) 
= 0' l

Theorem 4 jmp]iеs that thс ilduсеd mеasure may not Ьe absolutеly сontinuous in
the сase of,44 > л if the map f is diffelentiaЬle on a set of positive measule.

CaseIII:М<.l{
Wе Ртove Theorem 5.

тheorem 5 Giaеn a rnap f oJаrчionQ СP.N into PсIr, M < N,lеtD bе Lts

critiсal sеt (thе sеt oJ po,ints аt uhiсh I ,is d'ifrеfеnt'iaьlе аnd uith talkf, < M )' Lеt
f bе еoеrуuhете diffеTеntiаьlе o|r а sеt А ( Q ' ^А 

> 0, d'isjoint Фith D. Thеn thе

measвrе oJ thе imagе oJ A

, )f(,4) > 0.
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PRooг. supРose th€ сontlаry' i.е. ihа,i

^f(/) 
= 0'

Choosc an а,тЬitrarу sсt of ахes in the spaсе RN: n| < n2 < , .. < nN-It. Considет thсl
sесiiorr of the sei .4

А(а1, ' '., o,у_ц) = {("i''... 
' 
c".) с Rм l x€ А,I,,^ - а^},

Фhе.е ?ir < nz 1 ... { nм is а, сolleсtion of indiсеs сomplemеntaly to ?h < n2 < .'. <
lzN-n,. I)enotе Ьy g"',''"-- : Q@1,.'., ap-,r,r) - Rм the maР

8.', '..-. ((I.,'..., u ". )) _ r(х).

obviouslv it is diffетentjа"Ь]e on А(a1'...'a11-ц) а,nd its JaсoЬian det8/.'' 
'"N.м 

is
equа,l 1'o (nl 

' ' 
. . 

' 
n'\,f).minol o{ the de vative f,'

.l.he mezr'surе oI thе ima,8e of the seсljion of ,4

)g",. '".-.(,4(al, ', ' 
' 
oN ,и)) < )f(.1) = 0,

Theгetoтe the Jaсobia,n de1g,.'' ,..-м = 0 а'lmost eveтуwhсте oтt А(ц'...'аtl.м)
(othешisс thе meаsrrтe of thе image of that ра'It of А(аl,.'',,zы ry) orr whiсtt
dоtg,.' ".-. l 0 would hаvо Ьеen positive, Whiсh сoпtlа,diсts with the faсt tlra"t
the image go.' 

'""-.(А(а1'...,aу-ц)) Ь a ппll.set)' I]u1 then ('l,...,Йм).mi!or of
f, dеtf,;', 

'o- = 0 aimost everуwheтe on r{' ьeсause

)({detf'6,, ,'. = 0} n.4) =

- / AIJdеl 8,'' ."-. =0}1 l(ar..,,.o,r. 
^'])^(dпl),'')(./".-м) =

= / 0 ' )(.la,) ' .. r @aN-]и) = о
,I

So anу minoг ofthe deтivative f/ is zeтo illmost еvегywhеI€ on ,4. l{enсе rankf, < ,]4
а,]most eveгylvhсте on ,4 as the сorLntaьlс union ofnu1l sets is a ull-sеt. Wе сoпLe to а,

сontтadiсtion with thе faсt that пx'k||= M evrrywhетс on .4. Ilenсе

Af(А) > 0. l

Thс vercion of.l.heolоm 5 fот the сase of 1{: oo с:r,n Ье pтovсd in а, s]mila, wiry.
Theoтem 5 сan ьe тefolmulated as a sufiiсient сondition fоr aЬsolute сontinuitу of

the induсed measuтe:

Throгеrn 6 Git]еn аn аJmost neтуuherе d'iJlеrеntiаЬ|e mаp I oJ a rеqion Q с1 RN
(rеsp. k.)inttэRм, М < N,Iеt D bе its сiiticnl sеt. Thеп loт аbsolutе сonlinuitу o|
thе inсlucal tnеаsuте \t it is sufficiеnt thаt

Ar=0.
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Cоnvеrgenсe Types of Sеries of Firnсtions

D' llсheлko' A. Zdогor tsсv

Sегies of funсtions

Deffnition 1 An inlinite Бeтies ! z;(z) where rl1, o,,... tl',, .. aгe the 8iven flrlrс1'rons

oI:rn indеpeпdent valiаblе z € R' сal1ed tоrms of seliеs, is сtrllеd serfсs of lunclxon;.
Fiх€d J, selies of funсtions Ьeсomсs aп oтdinaтy nurneriсal selieБ, Thereгole it is

possiьlс to сonsideт funсtional sеIies as а mapping oI а srt of аdпLissib]е z into a set oI

numeliсаl seliеs.

Definition 2 A finite sum of fuлсtiolrs fl r4(z) ь сalied a pаrtial sum SN(т) оf srlъs

of fцnсtions.
Deffnition 3 If foт еaсh l с [a,6] the givcn seтirs of{unсtioпs сonvсIges (а,s а numеriсаi
seIies) wе say that it conuеrgеs еaетуuhеre on а seomеnl|а,bl' In this сaБе ьy the sum ot

suсh series wе mеan the sum оI a сorтespondjng лumeliсa,l seтiеs сonsid'rтed as funсtion
o|', а,dopting the notation

/(.) = Ё"'(,)

C1еaтlу'

/1r r = -im Sr (т\,

Dеfinition 4 The diffстenсe /(,) s"(,) of seтiсs,соnvетgent everуwhere on [o,6] is
сal]ed tlr rcmсitzdет ,вп(с) oI srrсh sеriеs'

.Ihr most lmpотtаlnt question lheтe тоads а,s fo]1оws: doеs surn o{ a ser]es /(z)
рIesеNе the propеrties of partia] sums Sд(с)? Е'g' lve know thaj, a strm of a finitс
numbet of сoпtinuous luпсtions is a сontinuoxs {unсLion itself. But сал we state thо

сonlinuity of this sum f(c) on a segmеni {с' 6], knowin8 thJ,t eaсh L;(о) o( a given seгics

is сofltilllоns on this sоgment, oI should orre reс1uiтe somсthjпg еxtla?
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Conveтgenсe types of the seтies of funсtions

Definition 5 sстies ol Iunсtjons ! u1(c)' is сЫ]le<1 IаmеIу conL]е|'gеnl o^ a seвтfient

[с,}]. ii thсre схist a numе сal sетies with positive toтrns f е,, whiсh majDlate thе

аЬsolrrte vаlues of the сoггespolding teгms of seriсs of {unсtiorls Ioт all t € [o' lr]' i.с-

:.,]{с"}f=' |с. is соnveгдрnr al|.l Vn Ё N ].i"(.г)l < г" or [a.l'l,

Deffnition 6 сro1Фing oJ Ihе sеri'еs o| hlnctions f ц(о) is саtletl an oрrгation that

rnaрs 1his sсriеs inlo thе srrirs

\_..,2- u i\r' )'

in whiсlt Uд(z) = 
' 

"'(,)' rvhсгс rn = 0' attd iс1}p, is iпстеasing sequсnсe o|
r=.r*! +1

natuгa] n1]mbсгs,

Dеfinition 7 selies oI I[lсtions 
' 

tll(о), сonveгgent evоrуwhelе oп a sсgmЦtl ki,.']

is сы1l'ec' gеnеmlizеd lаn1еlу сon|ет'gеnl oI а segment [o, !], if theгe is a groupiлg tlrat

mаps tlrсm jnto tamеty с-onvсIвепl, seIiсs i r|(с) on a sе8mелt [a,l,].

Dеfinitiоn 8 srjгies of f1lnсtiоЛs ! t;(t) is саlLed uniforml! ц,I1)ецеn| 'c1| sе}fi\\.nt'

[a,0], if foт сaсh Рositive 6 thегr ехist ]v € N, suсl thilt eaсh paгt Ё u;(z)' p 3 q oг

tl)с сonsidеrеd seтies is less in aЬso] tе va]uс thаn Е, fol2 > ..{, i' e.

:_lV.>0 ]N€\ Vp,r7:Д <p!q ),ц(,)| .с orr [п'|,,=|

Deffnition 9 srгirs ot funсtiоns ! u;(t)' сonvетвeпt сvelywьеге on a seвmrnt kilIl]

1s ca|led genеmLizеrl uniJoтmlу conuеrgсnt on a segmеnt [a'..]' it foт еaсh рositive Е > 0
theтe exist an iлfinitо sсt o{ ,lf с N' foт whiсh thе теmaiпders Лр(r) of thе sсгiеs for
all :. с [a,6] is lеss thaп 6 i absolutc va]ue, i.e.

Vс > 0 {1V i |аN(I)| < с on [a'6]} is dеnumета,Ьle'

Dеfinitiоn 10 seтies of funсtions ! ц(о), сonveтgеnt оveтywhеre oп a segmепt [a, Ь]

\s ca\\ed quаsiuniJorm|у convеfgent on a segment [o,6l, jf foт еaсh с > 0 and foт еaсh
?7| € N there exist suсh М inN,М > m, tha,t foI eaсh r с [a'l.], thете is л с N,m <
л < м, for whiсh the тemaindет iд(r) is lеss thа,n e in аьsolute valrle, i. e,

VЕ>0 Vm€N ],lи>m,n,{€N vx:a3lSь
]N€N m<л!м' |лш(z)| <с.
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The тelations between the diffeгent types of сorrvеrgеnсe оf
seгies of funсtions

Tlrс гс]аtions Ьetivеen the diffетеnt tуpеs of sетiеs of lunсtjons сonvQlgenсe а,тe ]еР1с-
sеntсd on a sсheme beloN.

To plovс the aЪovе sсhеrпe 1ve sta1е somс theolоms аnd eхa,шples, The inсlusiuns
2,4 tollow floпr tie definitions. Thе inсlusioлs 1 and 12 aге self.сvidеnt.

Theoгem 1 (inсlusion в) SеTiеs oJ Iu11cti,ons i u1(a\ i's gеnerпtizеI1 tumеIg conl)сr'

gent on а Ьеgmеnl |a'|ll' iJ anс] onlу if it is gеnетаIizеd unifoTm|у convеT|IеI|t o1I l'his

PRooг, 1) ..if.' Bесause o[ Lhe 8rпelаlized tame сonver8e сe theтe eхi6ts tamс]y

сonгеIgеnt sеIies Ё zr,1,), oьtuin"а Ьy gтouping ot t}e givсn srrirs. .l.h!s thете eхists

irseriesofpositivсterms'6i'satis{Уin8 U1(с)| <сд' Supposeэ>0. Thе rетnаiтrdeтs

A]1 seтies сl{ Iunсtiоns Nolсonvergent

Conv€т8еnt evelywhеIе Not quasiuniformly

Not geneга,lizеd ta,melу

_ (inсlusion 6)

Nоt geлeralized unifoтrniy

Quа,siunifoтmly

Genетalizеd taпrеlу

= (irrсlusion 6)

Geneтalized unifoтmiy

Not unifolmly
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oI the сijnvergent series D €i - 0, as l( ' m, henсe
i=к+|

s-,' .,. е Yli > M'
;=.(+ l

Dеnotе th€ гепaindеrs ! tll(I) Ьy г11(r), .Ihсn fот 1( > М
i=к+I

.г|r'|-\_..lлкlгJl s 2- |l,'|. L,,..'i-r(+1 i-r+l
lt il' dсal thаt |K@)= R."(a) }lenсе fог a]l 1i > М |/t."(z)| < €. It fоllotvs thal

{lv: |1?1,,(t) <€ on [o'']}inсhrdes{см+l,с,v+r,...}'i'е.isinfinit€.,I.lпLsf ,,,1,,,1

is 8enelalized unifolm]y сonveгg€nt on |a.6].
2) konly if,' Сonsideг an aгbitгаry сonvоrgоnt numeгiсаl sетjes with Positivr tсгпls

! e; l}r'сarrsе of the gеneгalized tlnj1oтm сonvсIgсnсe tЬeгe t]xist aп infinjtе sеt oГ nat.

uгal nurrrЬстs jдд, rvhсrсA'1(= 1, 2, ' ' .' sпсh that |-lti."(z) <ед orI [a,6]. Assuшс
.h = 0,.1 : ilr, rnd

с} = tlli {j,,К : j11 > сд-1} VA > 1'

тhсn /t.,(I)l < €[' !\rс gгouР thс tсгms of thе sетiеs aссoтding to liе illсIсasin8
sеqrrспсс с6' с1, с,, . . . ln addition

Itr*(z) =lа"- '(э:)_-li""(o)| < ]R"" '(c)] 
+lв"t(t) <€l-l+sl'

Thс seгiеs with 1elms U/. - €[ 1 + €r, is cvi.lсntly сoлveг8ent, Ьeсаrrsс so ]s j e'.

,Г|-гrоГotо r|о s.гi.э 

' 
U't'г/ is Iam.ly (onvl'гgnnt on а s.sIn.ni [n,l']. ;'Ird Ir. givсn

sеIiеs is вeneгalizeсl йсly сoлueтgent. l

тheorem 2 (inсlusion 7) I! n sетiеs of lunctions i u1(а) is gеnaпtizеIl uтIiloтmlу

con0еrQеnl on а sеgтfuеnt Ia,ь], thеn it is quаsiuni,Joтmlу con,Jerqеnt on this sФmrnl.

Pпool. Suрposе e > 0l m с N. Beса,rrsе of the generalized l1nifolm сonvel8enсe
on [с, b] theге eхist а,п infiпitе numЬет ot N с N, satisfying l,ltд(o)| < e. ln paltiсu]ar'
]1{ > m' Assume м = 1{. Wе will havс.

]М€N Vс:o<o<6 lлN(с)| <6, m<N

and therefore

1I4 >m,М€N \a:aЗx{b ]NсN m< N!M |Rу(l) <е.

вeса,usr of thе а,IЬilтaтiness of Е and rn, the sегiеs is quasiunifоrmlУ сonveтgent on [o, b].

17
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Theoгеm 3 (inсlusion s) I| а sеriеs oJ larctions I ui(x) uni'form,Ig сon1)еr9е on

Iа,bl, thеn it is genеmlizеd uniIofmlу cor|I)еTgеnt on ii segn""nt'

Ptrooг, Supposе s > 0. в€сause оf the unilЬrm сo veтgenсс

tc IIvсN vp.sсN:N<р<a ||,'t,ll <ё Un |а,b]';l
1'he seтiеs is сonveгgent aссolding to the сauсhу сliteтion, thus rvо са speak aЬott thс
remaiftders, Passing to tlLe ]imit foт q - 6о, rye оЬtaiп: lф'r(z)J < 6. Beса,use theтe
атe infiljte number of p, suсh that ? > л, the seтjes is сlсa,rly gсneraljzеd uпii,oтrnlv
сonvстgсnt on a segпеnt [a' D], l

тhеoтem 4 (inсlusion |1) If a sеriеs oJ Jurlсtions i u1(r) Ь tвmеIу con1)еrgеnt on

a segrnеnt |a'b], thеn it is un,iformhJ conuеr1еnt oп this sеgrnent.

т,RooI. supposе € > 0' Beсause ofth€ tame сollvelge сe thеIе €хists a сonvсr8елt

sегies ! э; with posjtjve terms, suсh that u",(c)l < Е". The r€rnaindегs oI сonvсгsеnt

seтies f в;.0 as ,41 . ос, thетeforе,

:
-,NFN : L..... Vд/ > v.,[r'6N'

i=M+1

]\"ow з,ssпme л <p< q'?,q€N. тhen

cl
'!r,r""r 3f r,,qr11 .I., . f .....
:-rP

}Ienсe thё seтj€s unifoтmly сonveI8es on a segment [a, b]. I

Definition 11 сonsidel a funсtion
I4z(s,l, tr') definеd on a segвеnt |o,6], so

thаt и/(s,.,ф) = 0 foт eaсh e € (s,l),
W(s,t,ш) = ш |oт Ctl (thr middlc of thе
intol1''а]) and is 1inеal on ьoth lеIt and
тight hаivеs of the s€gmеnt [s' 

'].Thus the gтаph of W(s't'ш)(u) has а,

sЬа,pe of an isosсеiеs tlianglе' Ьuilt on
thс sс8m€nt [s' l]. Clеaтly this funсtion
is сontinuоts evегywhсте on the Бet o:Г

its defiлition.

Гig' 1' Thс graрh of и/(s't. {,)
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Examplе (inсlusion 3) Coпsidег the sетiеs.,Ц "'(') on a sеgmеnt [0' 1] whегс

19

""(,)=и/(*,],1)l,)

['ig.2. .Ihс graph of the sum ofthe sсr'iсs. iijх
arn plе foг inсlusion 3.

1) We pтove tЬat it is сonvсI.
gеnt eveтywhele on this segment.
Daсlr с с [0,1] ьеlongs to no
rnore than onc intсгval ofthе 1ypс

(#'*) ' " 
_ 1,2,... Thus foг

сaсh т с [a,6] i. Ё щ(,) *-
riеs will сontа,in no more than on€
nonzсro tсгпl, 1.hегсfoге il is сoл-
vеrgеnt oп [0' 1].

z) Wе norv Provе that it doсs
пot сonvcгве quаsiuпi{oтmlу on
а, gjven s{:gment. Strppоse e =

i,,, = t, 111" on агЬitrагy М >

rn' sсt2 = i(лЬ+;Ь)
,Гhen

1lr(,) = 0' t:(a) = 0'. ' 'lt'zм tQ)=0'1L,м(I)= |'z,,цa1(а) = 0', '.

lIепсо t]rс sпrn oI seгies is еqrral 1t-r l' аnd thе гсшаindeгs

-l?l(J) = 1' л,(2) = 1' ' '.1|,ц-1ft) = 1']l,i,(") - 0' i.?м+l(c) - 0' '

.Ihell it is еvideпt that for no ]v Ьel,wсеn m and М rvill ]Irд(t) Ьс lсss th.lп с -
лд(t) = t. sinс€ -м is aтЬjtгarУ, ! z;(r) is not qu:rsiulrifoгmlу соnvergепt'

Eхample (inсlusion 5) Considег the srтiеs f t;(з) оn .L segmеnt [0,1]' whcrc

i' fоr

I

Iцp) = W (#'*'').,, и (_r_,fr,r) r,l

t) We prove that it сonvстgеs quasiuniformlу on this se8mcnt. TЬе paгtiirl srrms

,(i,*,),,,1 - - [,(";,#,')r"r-,("],7i,')r,rl =

'w 
(|'ьt) al - w i-t,-r, r) t,)

s"t,l = [и (}, r. r) (,). W (*' ;'' r,l] + [и (j' i' l) t,l_
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Daсh u с [0, 1] Ьс1ongs l,o пo more tlLan oпо iltоl r,L оf thе LуI," (т,.' . +) , N € N.
Thrrs lbr сrrсh c in sссluс1tсс {q(,)}Ё' *" wi]l €nсol|ntФ nо пorе tЬаn onс tсi'ln
not еqua] to l,и(;' r 

' 
1)(u )' llеnсe tьis srqueIlсo ljсnds l,o /(ii) - I,y(j' l , r)(r.), 

.Гhоl

tl€ гenLaiпdeтs 
'.N(u) 

= /(u) -s'(e) = I4l(+'' 
^.i' 

1)(ll]) l'{оWstрposс6>0'
m с N. sсt М = 1|| + 1. Assцmс I с [0' ]i, l]liсn ]j \l'-il] gеt i]]to noтnoгсtiar| toonс

_ / \/|'|l^|tаl o| ,L|. lt]'n l''-,.",'J.(;','-,J - (',;. " '/ 
||',.,Joп' ' 

, 
|' t]. '' ,'.,

л-(I)' lt'"+l(J) _ -1.м(с) wi]1 Ьe equ.!] to 0' a0d ]еss tЬan .. i, с. ther! lvi]l схisi' su{ll
lr' € N, n < ]V < j4 that R'ц(x)) < е. sinсс m,,, а,nd . lrе alьilrагv. tiе sеllсs is
qпаsiuпifоrrrtly сonvergen| on a sеgment |0,1].

2) \\ъ shoiv thаt the srriеs is not gеnсгalizei !ni{olnrlу сol1vergеnt.Jn i]rс
givоn segtrlenl' Suppоsc с = i. гoГ еaсh Л с N tle ктnaildr:г Пд(т) =
\4 (+_.-.11(''|,,' 1 )r t, l l'i:ltloгe it ial. lо| Uс lсss |iа|.... \\r..\r ../ \,\.rr:r, \_r//
(in аЬsolute valuе) еvоrуwherе оn thr segmслt [0, ll, T]rеlоfrле' {л : aN(l)| <

e on [0'tl} is nrrmеrabie (it is void)l аrrd t,hе sетiеs is not genсГа]iZсd lIlLi]Olllllу

t tl;(r)' oл [0' t]' whеre

rtnvстgent on [0. 1].

Example (inсlusion 8) Consider thе sеriсs

/t\l' rr] И {'. ,.|)r/.1,1r,) _,,, ,(.), l._|.2.'',
\^r+ L A ,/

1) lve provс tlrat it is gоnеrа'lizсd unilornlу сonvсrgеnt oп i,lLjs sсgпlcлt, ,l.hо 
Parliа]

Szу-1Q) _ ll,(x) 1ц,(ij) l '.. + z,K'l(i]) _

u1(z) ц(u)+aJ(J) 1,4(1)+..'+u,к ,\,)=,,., '\,-)= 
lf,(7+,-l. )(,,).\r! + rr 7

'q,K(,I)=u|(I)+n',(r) +,.. + zIк 
'(т) 

+ t.r(t) =

1]l(z) l(u ) + щ(..) - uз(.r) + , . , + u,К r(2) ?1,к r(1,)= 0.

l]aсh z с |0' 1] Ьеlоrrgs io lo lnоre than to onс intеrvаl oI tЬC tvPо (*i, J{_). li с N.
,I'hrIs 

Гor еаr]r r in sсqlcnсe s1(J])',9,(i),.''.'91;r l(Jj)'J.,,{(x])' lherо eхisi,s lo iпor.:
thаn onе nonzerо rеIп1' тhrrо]Ьrс 1his scquеnсе 1cц(ls to l(rj) = 0, .Гian ttrс remаiЛd{ris

l.,1( r(,.)-]ir) s,,/(-r(z)= щ-],'}'rx,,;'
^+rJr

1|,K|о = I(I) S,K(I) = о

Sпрpоsеnоwе>о, -Гhen ]лzlr(z)l = 0] =0<eсvr:гvwhoгсorl[0'l]Iоlа]] 1i, ]' е, t'hс

scl {л : l.N(J) < € oл [0' r]} js jnfinite bссaПsc it jnсlUdes а,ll еvеп пumЬсrs' 
"ilLLr

s > 0 сan ьо с}osсn arЬitlalilу, thе gjvсn sслiils is gеleгzrlizеd uпi{Ьrmlv сorrvетlicп1 olr

I0,11.
2) Nоw rvс рrоve that it .loes лot (]onYeтgс rlnifoтпrlv on |he gJvсп sеgтrltxli, sllppоsс

Е = i, N is :rгьitгаr'y. Cьoose 2 = s : N + l > jv- Ёoг all k

| /r/ l 1\\
1""'it\/r1"i // ;))=1.-(j(.;.'
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heлс€ 

' 
ul(I)| = ]t/i+r(J)l is

thа,rr €. Then it is not tlue th

aтЬitlarineББ of л' ivе сan сoп

[0' Ц.

21

equa,l 1o I in a

at It a,(c)l <

сludе that the

сеrta,in point' aпd ihсrefоrс i6 gтсatст

e everywheтe on [0,1]. Thus' ьУ thе

sеriеs doеs пot сonvетge unifoтmly on
T

Eхamplе (iпсlusioп 10) сonsideг the series ) щ(о) on [0,1], rvheтe

,"(,) = и/ r_!,1,1) (,) o = |,2,.''\n+t n nl

Еig. 3. The sum oI tЬе sеIies' Ехamplе (inсlu-
sioп 10).

ltt | |

|Г,l;trlI trl.r,l< .14- - l
|'=л]'=P

for еaсh т, and aссor.ding to the aгьitfа,гity of 6, the given series а,ге uni{oгm]y сonvel-
gent оn [0, 1].

2) Now wе show that it does not сonveтge tamеly on the givеn s€gmеnt. stppose
'' | /' / ' .\\| 

r+r.i -:)) ].пenс.thеsегi."f 1,.1,;|€,, ;' lorall n tt,t (i (;.r . ;,/]| = ,t 
'. '',..сan not Ье majoтized Ьy the numeriса,l 6сries less thа,п noпсonvergеnt halmoniс sетre6

' 
i on [0' 1]' Theтefoтe the seгies ! u,(с) сaтl not Ь€ tаmely сonvergent on |0, 1].

Continuity стiterion for the sum of series of funсtions

Tlre following irnpgтtаnt result is known аs the Aтzelir-Boтel tlrеolem.

1) Wс pгove that it сonveтges uni
{olmly on this sе8meпt. suрpose
e > 0. Chosе N > }, assrrming
л<рsq. Daсh z on [0,1]
Ьеlongs to no molс 1,han onr in.
tегval of thе typе (;fr' *) n €
N. Thus lor еа'сh o с |0,1]
in sequеnсе tдa1(с), tl д..,(о),.. ,

thеIе ехists no mole than one
rlonzeтo teгm. luгthеrmотс' iI
theтe eхist suсh a nonzеIo tсгnrJ

it is еqual to l\l(;fr, }' }) тoг a
сeltain m > л' нrnсe it сaп not
Ье grcаteт than * < } < с. Thus
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т hеoгem 5 (Aгzеle.вorel) Let the sе|iеs ol сontin1юus fцnсtions L ui(a) сon\]еrgе

еIlеr!1 rcrе on |a'ь]. ,t,hеn itэ sum is сontinuo|В, iJ аnd onlу iJ tii' con,е,g.,,"" is
quаs,iuniJorm.

P R-oo г.
1) "if" \ДIe pгovе the сontjnuity oIl(i) in an aтЬitтaтy point ofo0 € |o,lr], j. r'

that /(,) + l(ro) а,s , + 3o' suppose € > 0. Bесause oI the соnvсIgrnсe of the scтies

as с + o0' тemaindeтs Bд(c6) Ьeсomе less than ;' sinсе сonveтgenсe js qoаsjцnjfolm)
theтe ехist suсh M > m' tha\

vr:a1l<b lN,сN m<N.M .t'(,)l t1-t\
sinсе eaсh term is сoirtinuous iп co, foт а,1l r, с N z"(о) - u"(Io)' 1+ I0' Thсre.
forе in а сeтtа,in пеighьo[lhood И,, o{ ао ho]ds ""(Ф ""('") < з;' Denote thc

minimum of suсh lrjghЬou.hoods vу,Vx,...'vм Ьy I/. ]1,"(") z"(r;g)l < i; foг all
n = |,2,' ' ',М.I{enсe loт а,1l о с y we hа,ve|

l"f(?)_/(0")] = sл"(о)+лп"(э) _.'N.(0о) вN-(l0) <

|s\'(J]_sv'(ro)| -|/?п (r)| ..ЕN"l.ro)l < |sN"{J| ),.]r".lr-l.i=

lu.(x\ uft,J) + ъ,(x) _ L12(u6) + ..' + UN"1z) _ zy"(.c6) + } <
,t

1!,(,) - L,(lr.)l + lz,( a) - u,(xn) +...+i1,,v.(s)-zrv"("")l +T <J

]ul(с) _ ц1(c0)] + |u,(') _ u,(.o)l +'''+

'UN,l"") J^.(J.J| _'.'+ 0и(J] uуt"oц1fс.

M€ 2€

3M 3 -"'
Thus we fоund thr nrighЬoulhood V of о6, whеrе ]f(") . l("o) < с' Therefотс, sirrсe

r is arЬitта,тy, /(o) indeed tends to /(zo). Thus l(с) is сorLiinuous on [a,6].
2) з(onlу if'' Supрosе с > 0, m € N. Silсe the sсгiсs is сonvеIgеnt еvelуwlcгe on

|с,6], for eaсh z on [a, D] tЬeте exist suсh л. > ?D, that '/lN,(") < €. / is сontinuous ilL

z, henсe Rд, is' Loo, сontinuous in z. ,|hсrefoте tьеre eхists a, сeтtыn lei8hbouгhood
И, of z, in whiй |Лд, < а. Considеr thс сlass o{ nеighЬorrгhoods и foт vaгious z
of [o,6]. Еvidеnttу, e:rсlr z of this сlass is сovеred ьу at leа,st ote of the members
o{ 1his сlаss (е.g'' И). тhъ сlass, therc{oтe, folms the сoveтing of a segmeпt |a,6].
AссоIding to thе Boтеl lеmnrа,, one сan Беloсt a liдite suЬсovе.ing u,'v",'...'v'" of

[a,b]' Denotс !'I = maх{N'',N.,'' ',/f,*}. Stpрosе now that ij € |a,}]. 1.heл it is
сov'eтed Ьу a сeтtajn сl€ment И. оl this subсoveтing. Theтefoтс, r?л, (o) < e. вut'
с]eaтlу, m < Л,' < М. so we have fotnd suсh lf from th€ Drfinition 10 Ьetlveen m
and ,44, thа,t |nд(о) < e. sinсe €, m and 2 arr aтьitтary, thе sсгirs is quаsiutr]foш y
сonver'gent oп [a, L.].
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TЬе Aтzel), BoгeL theoтсm solvсs соmp]etelу 1hе ploЬlсm оf сontinuitI сonditions
Ioт a stm of sстiсs of сontinuous funсtioпs, ,Ihс relatjolls Ьetweс 1he diilстсnl typсs
o{ сonvегgenсе pгovide a 5сt of evidеnt sufliсjсnt сonditions on сolltinuil,у oI а surn of а

sстiсs o]. сoпtinlons fLlnсtions'

Coтollaгy 5.-t. А sun ol o sс:riеs oJ сon|inuous on |а,b] fпnсtions is Ф inuaus, p1'о-

Tidad IhаI on(| оJ thе Iollo1fing ,| cопditions holds:

1) ,I.hе sеrfus is 11епеrаlizul пniJсл'nlу сona:тgсnt on |а'L]'
2) Тhс ьеriеs is qсnст'аlizеIl 1,аrnеIу с:onтет1lcnt on {а,,bl,
3) Thс sеriсs is uni|ormlу юпtlещсn| on Iа'b1'
,|) 1'hе sсriеs is taтnеltl еоnuеrоеnt on |a,b|,

onс пus1 notс, holvоveг, that nonе of thеse сonditiolls is lсс{rssar'! [oI the sum

l() Ьe (|oпi,inuous, TЬis is shоrvn Ьу ап схamрlе {oг iлrlrrsioп 5, lп Гaсt. 1hс sсl]сs

.j]. сolll'iпuolls tсГllls 1i,.(]l) - I,y(*i' i' 1XI) I,y(;Ь 
' #' I)(t). oп [0' 1] сonsidoгod

the|с 1сn(ls to thс сont]lLxous srrm /(]') = ш/(i'1'1)(z). Nсvirтthс|сss, 1'his seгiсs oll

[0, 1] doоs лot сoпvоrge evеn gеnсralizсd unifoгпnу (oг, :rs was ргovоll аЬovо, gспегаli7.d

tаmоlv)' otсouтsс, oIlc с:rn пot sр(l:rk аЬo[t urr]foтm oг taпLе r:orrvоrBеnф in tiis сas(].

Tlrе сase of series witlr сorrstarrt signs

oЬsсгvс that iп tllc aЬovс еxaпlplсs thо sсгies lrad altcгnating signs, ']'hс siвll oI tоrlll
li,,(ll) \vаs daпвiпg пo1 сvсЛ Nith l,hе сli'ngе ot n, Ьut a]sо o[ i' I1 turlls oп1 1,ht!t

lhсге docs not схisl aпу suitaЬlс rхаmpJс for seтiсs o[ соnst;r"nt sigпs, wlliсh js с];|iInсd

Ь! thr following throтсm'

Thеoгern 6 t,(t Ih.. sо iс,s (i (\лn лI1ю1ts тюIlт|еgаth;с (rlanpоsiln'| !lLnt:lй.,s Ё "'(,')
сoll|lcщс r:urrу1tjlrcт с an |о ' 

b]. 'l'hol its stlпt is Фnlin1lol1s ' iI nnrl опll iI L|Lс сollllст.]сnсс

Рп'ooг, гor пoпрositivе tегпls' сhаnging siвns Гoг :JL Lегп1s lvс сomс tо nопlLеglrivс

sеries, 'l.hus it is sUlliсiеnt 1o сonsidсг thе саsс z'.(а) ) 0 oл [a,b],
1) ai{' .Гh.. 

рalt loilows dirесt]у froпr l,he 
^rzеli 

Borсl thеol'еnr, sirlсс llлiloгmlу
r.ollvеfgеnt sсrjrs соnvсrgе quasiunifoтmlу,

2) ..оnly if'' Suppose e > 0. Paltial suпls 5N ..rте сontinuous аs linitс slrns оf

сolt]nlloos funсtio1ls. Thеrсfоre, so aге гeInaindетs ltд _ / Sд, ils dillсгеnсe o]'

1wo сonlinuоus funсlions, Rеmaiпdегs ol сonveгgсnt seriеs tсnd 1o 0 {oг а]] z 1iom t!

sсgmеnt [o,l]. неnсe we сan find suсl 
^I,' 

thal, лл,(z) < 6' sillсс {unсtions лN. a.c аll

сolLti]lцous. Lhстe схists suсh псighЬouLhood I/, of z, whсге Лд'(с) < е. Соnsideт thс

с1ass o[ sпсh nеighЬouтhoods У" foг vaгious ; fгom [a,l,], I]v]dеntly' r:асh z ot this .lAss

is соvсг€d Ьy at lсast one of thе me1nbers of this (:lass (с.s'' и). ,I.his сlirss, theгеfoгс.

fоr'ms lhe сovстing оI:l sеgrnеnt [a,l]. Aссording 1o thс l]olel lrmma, orrс сan scleсt

ir Iinit€ suЬсovетinв of V,,,V'.'...,V." оf Ia,.|]. Denot.rМ=maх{Л.,,lY,,,',.,N".i'
stlРi)osе llow ihа! z с [(l,i,], Thеn it is сovеrcd ьу a сeгtаitL clсment y.' of tllis

23
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suЬtюvоlii|8. Thеre{orс' ..,v"'(J)l < 6. lt is сle:!r 1]lа1, seqtrnсо -1lл ]s dссгса5]ng:
llдa1 = ll'y _ rlд*1. sinсr,\',, <.lf' Лл < с' Thus, Rд < e с-rn [o,}]' 

.Гhсl

Yp,qсN : N<e(q D '(t)<e оn [o,.']'

!"'(,)< D zl(а)=вл(с),
i=ir+r

Thxs theгс ехists r\' с N |гоm thc tni1,orm {jonv(:r8еnr:с dсЛnitjoл, siarc lve сali сhоos{]
e aтЬi1г:rгily. the sеriеs is uniIorп]]у сonvclgоni on |d'6]. l

1hctheоreпlpтovcrlaЬovеlookssjmi]aгtoArzе]al.Roгсl1,}cогспr, Сoпцlаring thеlrr'
wo сorlLс to an oЬvious сorollаry,

Corollaгy 6'| Unilьrm and q1nsiuпфrn, с:oпuстqспсе d'сfiпitions сahtiiе in Lhе созt:

ol сonstаn| signеll seт'iеs '

[] is с]eai that in this сasе аl| Ioпr dеfiпitiols (qu?rsiuп]Iolln. оnilbrrn' genсгаlizcd
tamc and genсlаlizсd uniIorIn сonvсrgenсс) сoinсide,

The гollot'jлg ра'rtiсtlaт сasе oI thе сorollaтy сonsidетеd iп thс ргt\,iolls сhаptсг сan
Ьо схaтлined аs a согollaтy of this t[сoгспl,
Paгtiсulаг case ,l'hе sum oJ cоnlinuoшь tеrms sеriсs o,J col\'skDlL signs on |0',b] is
сon|inuous, i| Ihе sеriеs is |'пrпеIу conuеrgеn| on |а,bl'

Again' \\.e must note that this сonditjon is not nсссssary Гor lhс suтn t() Ьe сon
tilloots. .l'his is showrL ЬУ the eхalnplс lor inс]usioп 5. in fасt' сollstant-sjgnсd sеriсs
lviLЪ сtlntjnuous tсгпrs l,(с) = И,(#. *' "1)(,) 

on th0 sеgтnеnt [0, 
jl сorrsirlerкL t,llсrll

is unilor,nlLy соnvcrgent алd henсe have t1re сolltir|toпs sum' llowevсг this stlтiеs is пot
tашelv сonvеrвent on [0, ]],

Convergеrrсe of sеries witlr сonstant sigus

As wr: hа,r.e пotсd in thе сoгoll^гy in aЬovе palа8lapl, the sr:oрe of thе pоssiЬiе сonvсг.
gcnсс tyрёs is highlу sЪтuпk IoI sеrjеs with сo]lstant sjgns al lеast 1,oI thс sегios wil'Ъ
сonl]inuous iеrlns' !Vо рrоve the tЬllotv]пg motе gсnегal statemсnli.

TЬеoгerrr 7 Qunsilпilarп, oсllстrll,izеd un,lJorrn, сtеneтaLizal |lnе and uпiJolпl сэn-
Dеrgеnсе сoinI:idе |оr sе|iеs Фith сon|Lоnt si'ns,

I]Ron}, \\lithoIt locs oГg!,nрrа]itt, rve сan ma](e the proof for пonlrсgаl,ivс t('r]lls
sеrios оn].v' Irurthellnoгr' aссoldillg to thr sсhеrne of lе]аtiоns Ьсtlvесn thc d]fli'rоn]
tуpсs o| сonvoгgсnсс' it is sufliсiсЛt 1o рг.rve only one i с,lusioп| that nоnnсi]а,tivс аILd

qrlаsiurril,оrrrLlу сonver8elLt series ! 1q(,) сolvei€iс ulLifolп]l., Srlppose e > 0 arrd сhosc

п = 1, Tlrm th:Lnks 1io thе quasiunifoгm сonvсrgслсe,

!.'11 > 1 Vr'o: J 16 :^/, s 1I. /l\ |,г] < t'
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As wс noted aЬovс' th€ lema,indеБ ll,v.(c) of nonnegativе sеriеs dестease' TherеIorе,
,Bд(lr) < с, fог eaсh с с [a'6] siпсе Щ < М. Then

Vp.qr N : l/<p<' holos Е,i{,l<с on lс.l].

)-u|\x| < L l|||!J: l|в|J l
i=М+|

.I'hus :lссoгding to the dеfinitioп, sinсe wс сhоosе с aгЬitгarjly, 1hс seriеs is unilolmlу
сonvergспt on [a,l.]' l

Neverthеlrss, thе dеIini1jon 01tаme {jonvergenсe even foт sеIies of сonstarrt signs re
majпs rrnique' ]t сan Ье сonсluded гroпr l,he Eхample to inсltsioп 10. And the Dхample
foг inсiusion 3 demоnsl,гaiсs that for sстiеs with сonstant signs quasiuni{ornr сoпver
gсnсс (as rvel| as l,lrе gеnетаJized tamс aпd the gеneralized ulifoгm) doсs no1 сoinсjde
rvillr an oгdiпaгy рointwisе сonvelgс сe' Thus thе sсhеme of гelations is rnodifictl rп
l l'" Гo||owiлe, u aу loг - r ios ". ' оl's."rlt siglrs,

Conсlusion

It was pтovеn itr the aЬove pa,Iagгa,phs thаt
tinuity oI sum o[ seliеs o{ funсtions, der.ived

none of the sufnсiеnt сonditions for сon-
fгom the Аrzеli_Boгоl I |l.orеm а1d тhi

All seтiеs of Iunс1ions

of сonstant siвll
Nofiсonvеr8еnl,

Not quasiuпifoгinly =

= not geneтalized uпifоrrпlv =

= ot generalizсd tam€ly =

= not uпiformlу сonveгgсnt

сonvетgeЛt оvеrywhсrс

(AЬsolпtс1v)

Quasiunifoгmlу =

- gеlrстаlizеd uniformly =

= gеnегalizеd tamсly =

- rrniformlу сonvетgent

Not tamely сonveгgen1

Tа'mely сonvergеni
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Theoтem 6 is песessalУ' Na,mely' it is not neсessilгу foт the series with сontinuous
telms to ье еvеn gеneralizеd uniformly (tamеly) сonveт8еnt, foI its sum to Ьe сontint.
ous. }IowevеI' helc we соmе to а, quеstioп: i{ а, seтiеs does ot hа've thо l€qniтed tyрe
ot сoпvergеnсе on thе wьolе intеIvа,l' maуЬе it is uпiformtу (tamе|у) сonl.еIgеrrt on аr

сeltain suьinlеrval of this intelval? It tuтns ont to bе sometimes wтong. 1Ъ jl]ustratс

this we will state two eхamp1e6-Iol aтьitгary seгjes and for seljes wjth сonstant si8rLs'

Eхamplе 1 IIетe we apply а'n unusuаl waу to сonstтuсt the seтiсs of frrnсtioпs. Instead
o[ pleБenting eaсh teтm 0"(") eхpliсitly wе wili provide thе pointwiselУ infin]tсsima]
сonsequeoсe oI lemaindels ]l"(с) and show t}Lat this соnscquеrLсе iп faсt definс thе
sстies oI fuпсtions сonver8еnt eveтywhетe. Deliлe 1he teтms oIthс sеriсs as щ(ij) =
l{" |\I)_ R.G), Тhen tho pагriаl suдls

Sд(r; f ll,1"г1= Г(R'-.(J)- BllI,lI BorJ)_ fiN(т)

evjdently tend to ll0(0)' gjvеn ,ry * oo, siЛсе nД(u) - 0' Iheтe{oгe f ш,(.т) telds

pointwisely to thс sum f(.) = R"(4, Thе теmaiflders l(о) _ .яд(z)=lтe еrдrаl to
лo(с) _ (.вo(с) _ l.л(u )) = Лл(o). Using this method' we ьttild an схample of seтies tтf

сontint.ous Ijlnсtions olt а'п lntеrval (0' 1) whiсЪ is not genеraLized 11ni'oгmly сonvещent
on aiy suьintсrvat of (0,1). Dсnotс ttr funсtion W(',*'L',,*-L'*)(') ьу }i-(t)'
sеiting

/ r\ / "r t\l|^|!l у'^\x'|1t..{,.*)_'..lv'- l" -* j
\ 2./ \ " J

^t 
last, let RIr(с)=Ia,K(r)+I1'zк(x)I.,.*Iкzк(x), Then ??д(u) repтesents thr

sum of funсtion s of t 1rе tуpe I4l( r ) ' 
еquа,l io zеro еveтуwhеrе 

' 
ехсеp L Ioт a сeltain unr.

Ьс1. of inteIva,ts. Using ihс dеЛnition o{ л'((z). we wlite out these intеIvа'ls:

l"'"к: (т#,#)
I IL _Lli1l | !!..Цl

hp к' (т} -, "*L)(]i 
+''+=т' + +'"=) (ъ + #=r' + + т"L-)(i + т+i' i + -+- )

-tк 
'< 
. (.,"-L,+)(+ +#'-++) (Чё+iт-,Ч?+ *L)

We тewтite thеm in thе тeveтse o1del:
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\,).к+1 ' -L 1 -L\
fl a --1,
;т;i]

/1 t --L

; + !n=l
\; т 

'i^-:i'1 t ---.Ц \

_L
\' т 

'ц- 
'

+ + т+-)

htстvals ol thе Iiгs1 gклrp Ьсloпg tо [0' fr], of ihс sссond gl't,lФ Ьo|ong 1о |+' *]'
and so {iIrt1lсг so thirt thе intсгvals of2к.th g|.оUр Ьctong [?::r, 1]' 1.ЬUs iл1,сrvals (]1.(|i{

fсгсnt gгouРs do not intсгseсt сaсh othс|. lt js also сilsy 1'o llotс ihat \.ithin сii!сh group
tllе iпtсIvals irгe n)ut1l?Ill'! disjontt. llenсс а11 thс intrгvals аrе muljtаlly disjoint'. \Vr:
show ]|otv lh?]'t R'к(ll) - t'l ijivсrl /i-oо, Wе tаkе;r: с {0'L], Suрpoк:с>0and
dl.Josо /Y' suсh thаt Ё <., .l]hсn z ]lits no Inoiо thаn oпс iпtrгval 1or all /i оn rvllit.h
1h(' tiulсliorls of ihе tyР!] l[(т) 1lrаi' forrIL l,hr Iсmaindег l1?7;(а) arc пot сqu11 1o Zu!,
Сonsideг lhr: Гurrdir;пs 1,]rс lllахirnal valuсsоfrrйiсhaгсgrсalсrihаn.,OЬviouslY'ihсу
all hаVe1oьeinсl0ded in the cхprсssjoll Jbг l|lllсt]oпs 19,1(r)'11,24(?,).-..'1д 1ц(:l),
\\rс wrile out the iпteгvals оn rvlljсh thсsе lrrnсi,ions aгё not сqlal to zolo. lls аЬovс:

As \L'с sеr' l,hеIс is oл1у Iinitе nLrnrЬсг o| thсm' nаInсlу 1+2+.,,+2N ', With
uпlimitеd inсrеasе of .i thс stгrlсtuтe rсmaiпs' and jntеIva]s o{ сaсh gгoпp shгink to
thejr limit point: iт1сгvаls ol the 1i|s1' 3lollр shrink 1,o 0, i tеrvаls of Lhe sесoлd gтоuр
slrriц]i to i-, irnd sо l'uгthс|, so that iпti]гvаls of the 2N-1 th gгоlrp stLгnrk 1o #,
Thсгсfoгс' siпсе thе numЬеr of intегvals is finil,е. iI z doеs not сointidс wiLh по poiпt
oГ limit wе аtways сan find ,4{. suсh that {ог a]] 1i > ,\y' thr intет\ъls will Ье с]osеL

to theiг ]iпli1 Рoiln thifL z' а! d llenсr z will nol, hit anv of thrm. Iloг z сoiтLсi<ling
with thе Pоint ot tiпril, it is еаsily seеn that z rvill Ьelong to none of thе intетva]s foг
su{Iiсiоnl,lу iilr8e IL' sinсe it js i'Waу Iтom any of the lini1' рojnts iLIкl inierviJs shrinking
tо it wi]l Itevет теaсh il. Anyway' stагting Irom ir, сeгtаin м с N' vаtuеs ol lunсtions
Ia'2к'I|'2К' ,IN-1'2д on z rvill ЬeсqualtozеIo' Ihesumo{1д.,a(о)''..'I*',к\.)'
rvlriсЬ are the reлlаjпing сoпlpoпеnts oI l?,д(r) Ь lеss than e (for eaсh 1( only oпe oI

f i: a 
--!-
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ttvo I7(z) pikes thai aтс iпсluded in thеsе funсtions, is nоt €qual to 0, lenсe

\K>M R1(z)<е.

Sinсе с is а,гЬitraтy, ,B1g(z) * 0 whcтe л * m' 1.here1bre, Лr<(E) definе thе сonvergent
series on [0,1].

1) Givеn the evidсnt сontinujty offunсtions "Rl((,j), the terfts oIthe sеries u,(t) =
1?"-1(z) i"(u) aтe also сontinuoцs. The series tend6 to Iunс]]ion ](а) : лo(с)'
сontinuоos in [0,1].

2) We рIove that this seтies is not genетаlized uпifoпnly сonvergent оn anу stЬin
teгvаt of [0,1]. сhoose the aтbitгaIy suьintс.vа] (a,6). сlсат]y it сontains а, сeltыll
inteтval of the type (f, 'ff). ъet е = fi. Consideт now the тemaindeт .Rr(с), -г > q.

one hаs

Rк(a) = Iо,K(1) + II'xI<(a) + ..' + rq,K(x) +,.' + Iк,zк(x) >

/ 1\ / rt\ , ,. ]\,r4',]((r)= Yq,к(r)|Y,'711 |.r ;l t'.''Y""n Ir ::]'','_У""'| |I _. 
^"' \ 2) \ 21J \ 2q .l

/ a\ / r I r\/,_p)
У,'ыс | l - -!| =W |-\ z,r \2.].t 1,t.2'^ c.2r) \" 2s)

'n,(L--L 
P- I.l\,.'

'. \2l 2zк.o11.,' 22к-1'2l1 '/ 
\-l,

I{>q,21{ q> g, thus

n 1 n 7 Ф 7 ф+1
2c ' 22t<-1r' 2c 22^-q - 2r ' 2t

Thrтefoтe the whole inteтvа,l on whjсh

w(p + 1 !, -L _L),",*,,.. \z' 2?1| -|t+1. 2c , 2zь ". 2о ) '-, - ".

ье]ongs to |*',#]' and сonsequсntly also to [a'D]' 1herefoте thеrе js a сefiыn point
on [с,6] in whiсh W(* + т*-тт' * + 

'.}=l, 
+)(с) гeaсhes ;ts maхiпlum vа'Iuс сquаl

to }' 1n this point, thеn' -B1(т) has itв valцr not 1еБs than } (aсtualJу, this vа|le
js exaсtly eqiral to fi' sinсе wе have ртovrn i'Ъe intетvals wherе the {r]nсtions foгming
Л;r(с) ;r,re nonzсrc а,ге mutuaI]y dъjoint)' Thus we obtain

lvK>q зz asz<ь Rк(x)2 
"-е.

ThеIefoтe, {r : лд(r) < €} is finit€, and thе sеriеs is not gеnетаJizеd unifoтmly
сonvетgent оn {с,0]. l
Ехаmple 2 сonsidel nonnega,tive sсries on [0' L] f; z;(e), rvhere

. ,,, 11 | I L L\ t\ I il l\x.{rl=w (, т," + a"':,)|т)_*\й_.|"'i +4"..,(J),l
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/5 r 5 r r\ ...t2-IW| - -.- |-._]|''.|РW|-\2п 4i 2i 4",a) \ 2'
2-L 11\,,
2" a'n)'-''

1) We plove thаt it сonver8еs uпi{ormlу on this intеrvаl, Supрose а > 0, Clroose
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1v > 3, taking an aтьitгtily z € [0,1]'
Lеmmа 4 u.'(r) l 0' thеn аlI
z"a1(о), rq1,(о),.. ',a," |(r\ аrc

PRooг o! IEMMA. Wr рюve thе
lеmmа on сoпtтadiсtion. Supposе
that the statсmсnt is wгong for it"

сortаin m, rl < m < 2n, \' e.

"^(') + 0. Sinсe u"(с) l 0' thсn

" с ( - ' i'i* + *)' "па
siпсe z',.(r) l0, tlrеn z с (fr
L2l+r,l

7;, ti -f o= J

jntсIsссt eaсh othет' hеnсe the dis
tanсс ьetwосll theiг с€ntсгs is less
than thе srlm oI their гad;i, so wе

havo
l"(о) gт;rph of ехаmple'

l2k+1 2l+11t-_-t <12 2^1

]leпсс
|\2k + |)2" \2I + 1)2ъ.^ 2

'r^'
2t

22"

(2k + 1)2" - (2t + 1)2'1"-^l <

l(2k + 1)2^-" - (2r + r) . ;; =

Sinсe m > n' thеn 2- " is.Ln еven integer. пenсe (2l+1)2--" _(2l+ l)ь aьo an

integer, and, moтеovег' is odd. Then 1(2k +'t12^-" _(2l+])l >1- Мeanwhilе, foг
m<2n-I ho1ds,J- S,д = 1. Thus wе сomе tо а (ontтadiсLion: 1< 1, hа,ving
pгоvеn th€ lelnma,' п

сonsidel the ехаmp]е Iшtheт. We seleсt out the nonzelo teгms of the remalndeг

' 
0'(;). Denotе thеm Ьy z1"(z)' uд'(z)' ' . ' mindless of finiteness оf theil numЬeт.

Aссording to the lemma, the dista,nсе Ьеtween the two teтms 1l}-(z),0!-+'(z) is not
less than 1l.. Tlren wс сan writr;

112
-+-<-

2'n-n-1

1(o>N+1,

ill>ILo+1(o>2(N+r.),

ri, > I(1+ K|> 4(1V + 1),
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ti^>2^{N+r),...

not gтea,teт than the maximum valцо oI'the rеsрeсtjve 1и(э),

.11
ur-(?) < _ !_.z \t\ r tl

zд*(z), oЬviousJv, is
i. е. 

';L. 
ThQn

Thетeforе thе rсmaindeг

\- ,, ,., \

sinсe we have thе gеometтiс рIoglession with denominatoт ,r. Supposе now Л < p ! q'

Thсn

,fut(z) < 

' 

utk)<€.
i=л+1

Theгefoтe' sinсe z and € сan ъe сho6еn alьitтarily, the sеriеs is uni{ormly сonvrтgе1lt on

l0, 1], sinсe the teтms aтe сontinuous' the sum /(с) is also солlinxous in [0,1] aссoldjng
to tlre .гheolem 6.

2) lYe pгovе now t}at this seтiеs taФrly сonveтges on no suьsegflef,t of [0']]. We
tа-kс a сетtа,in suьsеgment [a,6], аnd сhоsе suсh л, that 2л-1 is gгeateт than the ]ength
of [o,6]' Tie distалсe Ьetweeл th€ two ..pikrs'' of q(т) is еqual to

2k+L 2k-1 2 1

2 2" - 2n - 2n-1'

Thus for n > N it witt Ьe tеss thал the lengtЬ o{ lo, b]. Theтefoтe, stalting flom л. a1'

least onе mахimum роint of z"(z) wi]1 hit the Бegment |a,6]. The value of t"(r) t}lсrе

is equаJ to }. Thеn еven numеriсаl series, сonsisting of supтema, ofz"(с) ovег [a,6],
staltiп8 fIom 1{, is haтmoniс sеries, that is nоnсonveтgent. Theтefoтe this sedс$ doсs
not tir,mely сonverge on [r,' 6].

The еxamples givсn show that in faсt |тom аll iyреs оf сonveтgenсe oI scriеs of
funсtions' o1lly quasirrпifolm сoдve.geпсe js Irlаted to сonli uity oI a' Nanrly, evеn
jn сaso o{ сoцtiлuity of sum l,hе quasixnifoтm сonvelgenсe turns oul to Ьe veту rnuсh
..isolа,tеd'' аlrd ..sеpaтa,ted,' fтom а.1ly other type of сonvеlgeiсe, eхсludjn€i typсs of
соnveгgеnсе that сoinсide with it' Tllus the quasiunilorпL сonvel8rnсе tuтls on1 lо
Ьe thе ..wоli 

8uessed' сritelion foт the сontinЦjty of a slш of a seтies of сontinuots
funсtiоns.
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The Weierstгass Theoтeпt on the Unifоrпr Aооroxitnatitлr
of tlrе Continuous Funсtiоns bv Po]iтrопria]s

A. LikЬodedov, M. Sirritsyn

Intгoduсtiorr

VеIу often, rvhjte so|ving dilfeтent рroьlеms, it is nссrssaтy to study tlr съа'Гi!сtels
of а, сeгiain funсl'ion, thlt is haтd oг even imрossiЬ]е to do' starting Iгom its оIjginal
definition.

In tЬese сaБes, one usuаllу tlirs to ind a n€lv analуliса,l ехpгеssion lor thc iлves
tj8а,ted funсl]on, reрIеsеntin8 it а"Ь thе limit o[ a sequеnсе oI morе simp]e fun{:tioos

(thе paтtial sums of a {ullсtionа,l seтies, сoш,eт8in8 unjformly to tle огjginal {unсtion).
Thelr, jf the vаluеs oI thс paltiа,] slrm aтe сlose епough to the vа1oes ol the linсtiоn
on thс сха,minеd Iegion, it is possiьle to invrstigate some РIoPeтtirs oI the filnсtion,
starting from the ргoрeltiсs 01this paтtiаl slrm'

Thотe аrе sеvегal tуpеs of funсtiоns, suitaьiе loт using as th€ mernЬетs of а s''тiсs'
тертсsсnting the gjven f[nсtion, wheте in evеrу рaltiсu].ш сasс it is rnole сonvenieпt
1() use its own kind of funсtjonal seгiеs. Ilere, thc тepтesentatjons of a funсtiol as t1tс

sеriеs oI polуnoпriаls, will Ьe eхaminсd'

Nесessity of соntinrrity

Whiсh сoлditjons must ьe imрosеd upon the funсtjon. in oгdrт tо aрpгoхirnatс jt wlth

Polvrromiаls with any preassignсd aссuтaсy? The ;r,nsrveт is gjvеn ьy thе We]elstIass
.l.heоrеm: for the тeplesentаьility of a funсtion аs thе su1n o' po]Уnomiа,l seтies (it
is equivа,lentr to the faсt' l,hat the frrnсtion сo d Ьe appтoх;mаtеd rr,itlr a polynoпrа'L
with а,nу а,сс!тaсy), сontin ty оIihe fullсtion ]s sufnсiellt- T1l!s, sinсe tle lёсessity of
сontintitу js аlmost oЬvious (it wiJJ Ьс proved latel), сontinuity is thr пeсеssalу аnd
suffiсiеnt сondition.

Sinсс Ьсforе it wаs only known that th€ funсtions, deсonposaЬ1е in powет sетiсs,
сoulr] ьe тePlesented as а, сonvergеnt potynomial sетies, 1his theoтem signiliсa 1ly in

сгсаsсs thr сlа,ss of thesc ltnсtjons (for deсomрosaЬility of a fuпсtion in poweг sстies
сvеrr infiпite diffrгentiaЬilitу is insufiсiеnt).
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We Prove the neсеssity ol сoпtinuity foг thс apрIoхimaьility of thс givell Iunсtion
with polynomiаls.

Theoгem 1 I,еt l,\(x) + F,(r)+.' '+,''"(')+ ,.. be а uniJoтmlу еonoеrgетll sеriеs,
аnd S(с) _ its +um, uhе|е al| F;(a) ате continuous Junclions on I,1,b]. 71rcn S(r) is
аlso сontinuous on [а,b],

l,Rooг. Tа,ke an агЬjtтary sma]l € > 0. Sinсс thе seties сonveгges цniformlу, thегe
eхists snсh n, that |s"(о) _ s(с)| < ; fol аш т fтom [a' b] (S'' is the paтtiа,l sum of the

s',(,) is сontinuous, as thс sum o[ сoпtinuolrs fulсtions. Thеп, {or anу e fLom [a' 6]

thсг€ eхists its viсinity U' suсh Lhat Ior anv о fгolп U |s"(z) s"('| < i. l.hus' foг
any с fгoп u thс lolloil'ing is tгuс:

ls(r)-s(41 < l.t(r) - s"(z)l + ls"(c) - s"(rl +ls"(z) s(z)l <

..с
.:L !- 3 ' 3 ' 3 "'

Wi1h resрeсt tо thе delinition of сontinuity, that provcs thе st tсmcnt o[ thе theolem,
I

Ехamine the ехamplе' i]lustlating thе neсrssil,у of uniform сonvсrgсnсс ol thc seliеs
4(z) + 4(2) + . ., + 4(') + .. '' Considсг U"(с) the сontiпuous funсtioпs, еqtal
to zетo outsidе oI the sеgmrnt [*;*]' nquuL to 1 in thе rniddlе o{ this seglnеnt tr,nd

]ineaтinits]eftandгightha1vcs.тheseтiesU1(z)t{/z(t)+'.,+U'.(')+'.-сonvетgеs
to ihe fцnсtiо1l /(r) (see fig.l).

33

l'ig. 1

Considеl thе Ьеhavioт of the funсtion /(с), as о tends to 0' lI x'. = }' tьen /(x")
is equal to 0, алd if x" is the midрoint of thе sеgment t*; *]' tь". /(x") = 1;

theтefole thс ght.Бide limit in 0 doеs not eхist and /(rj) is nоt a сoпtinuous fuDсtion,
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The Wеieгstrass theorerlr

ll'iс шъieгs1'|а.ss l,hфтсlтL

Now' wс provе lhо sLLfliсienr:у oI'сontinuj1у, i,с. thс \l'oicrs1,таss T1lсoгеm'
Irоr еvсгу соntinuous on [a. ir] funсtion /(т), aпd any . > 0 thoJ! ех]sls a рolynolпial

-I](2)' slrсh l,hat ]е(о) _ f(c)] < .' (sometimes l,his thсoгсlrr is гorlnula1;еd diffсi'cntLу:
IJverу со tinuolls flrnсtion l(I) сouk1 Ье Iсрlcsсnl,сd as |Ье suпr o{ a пrriform1у сoлvсr'

3сnt рolуnomiаI sеriеs).

lГhoго will Ьe ihтee Рrоves оf this thеoгem,

Thе Lаndаu Proof

Wе Ргovr the thеoгсп1for thс sе8meпt [0' l] fiтsl, (tio po1ynolrriаl, saLislуing the сoпdi
tiolls oIthс \4/сieтstrass thсoIс]n oл lhс [0,1] sсgmсnt wi1l Ьe 1'оtrnd).

\rye intтodxсе thе fЬ]]owiЛg notation:

Thus, 1,, = Д" 11,,;
-\orv. wе pтove. thа1. thс pоlyrrоrniа,l

r",.r-r
I" - l|| , nГdd| 

^-.,= 
l \| -,lIJ.|.t .l

L"= f o *r'0".

"-i3 "13r

P^\t)=. lf0) tt (,' .I'))"r,,

сomрliеs .wilh thс Ь1.pol,hеsis {rf 1he throrеm (P'(.t) is the Polуnolnjir] ol z' sinсс |lLс

in1'egt,Ird is 1,]1с poJvnomial of r),

Lсmma 1.1 Ii: tеrlds to 0| аs 11 tеп(Is Ia iпfu1itу.

l'Roo!,. sinсe thс intс8тand .,' attains its maхiпruлr lvhсIr lli = л (qоc fi". 2)'
jn a.:сoтdanсe wjtl| thе thеoгсm aЬolLt monotoniсitv оf thс integrа,l' t'о havс l," <

2.(1- n -': )".
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2

i"-*
In addition,1" > J (| ,)" dц whiсh' Ьy tlre same theoтem aьout monotorLl0tу

ta'
01 thе integга,l, is gгeatег then (1 . }n-i| ' n-*' Thus,

L. ^_ /t ,-:\'-7. zл, ' l- ._ | =2n|,(| . ;,.-'. ] t," \r_i,-./ \ t_i, r/

, |a. '|л ,. \,'<2,+.1. 4: I =2n1.It_"a_.]\r/\^)
аnd, sinсe 1+ u < e'. as, f 0, wс hаvс

,1,2,,,,1l ]n,'1" < 2nl.".;"-i " =2n+.е..,"-

Dспоte fni bу z. Then, siлсс a tелr]s to 0, аs z tеnds to infinityl wс oЬtaiп that
,", : ;; ы* tends to 0. Thцs, the limit of thc latjo ? js еquа,l to 0. ll.hat P.oves
thс lemmа. tr

PRooг oг тпЕ тнt)oI.DM. Pгove' that P"(u ) is the desiтed polynomiа,l, We maке
the сhangе of rъriаblе: D = u+.| then P"(r) = *.'j.ru+E).(1 _ u,)"d'u-
Lеt 0 < a < 6 < 1andc с [a',], thei at sufiсientty g*it ' i". nin\о,l - ь})
-a< n<n<1-.r.

Then

I Ifu+a\ tr-u'?\"du+
,l

P"(")=; ( J@ + r) . (1 _ u,)" dц+
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.у [ tl nrl"=У L.'
I" ,J I"

nis rt<1

By the prсvious ъmma' * tеnds to 0, as n tends to inlinitу, 1'hat imр]iеs, 1|ht't

{} u.t'o t.n6" io 6, -.d. s]nсе t} does not dсp€nd on I, R"(z) сonveтgсs uniloтlтrlу
Io 0 o1 [,.6]' аs ' 

1eпd. .o iпгLд,'у,

P.(r) = R"Q) + у!o, rvhere l4z"(о) = "I, l1u * u1' 1:1_ u,1" u,u.

Now' we slow the ртoхimity of 
'y"(,) 

to /(r) on [a,6] (sinсe the uli1'olm smilllnoss
of ]3" is Ртoved, it wi[ plovе thе statement of thс theolеm)'

By the theoтrm on thе mea vatue, iIz"(z) = l@ + q. n.i).I{", wherе Jq| < l.
Тl рг 

^|/(".) P"(Jl] . |I(tl_ l|r I q.л :l|- '', - R.|rt|.

< l.f(r)- /(' t s''' \t. r',"i +,knt'\l'l"
Now takе a aтЬitтаry smalt . > 0. sinсe Л"(c) сolvегgсs urrifoтmlу l,o 0, thero

eхists suсh N", that fol any n > 1{'' |л"(")l < i' /(,) ъ сontinuоus on |0' 1]'апd, Ьy

the сa,ntoт's thоoтrn1' it is unifоrmJу сontinrrous on [0'1]. Besides, tlre ratio * tends
to 1j as n tеnds to infinity. Thеn' theте еxists,41", sцсh that 1Ьr any n > ,(4., thtl

following is trae

!t't - 11" q.n-it.""1a'.

Consideт 1f = mаx{N,' M,}. ,Ihеn, ъ'hеn n > N

ltr) J|'r q.Р l; |'' _1л' t ..

тhus, We ha,vе PIovеd' that P"(z) сonvеIges unifoтm]y to l(о) on [a'l'l' where 0 < a <
b < 1.

NоW Рlove this tieотеm Ioт an aгЬitrarу вegmrлt [,,/}l. Intтoriцсс thс nеw vaтiaЬlе

у - iji f@) = lQ]+(ь-s).у) = 1-(3). Eviden111'', < c < /r' imp]iсs, 1hat 0 < y < 1;

and Л(g) is соntinuоus1 sinс€ /(т) is сontin1lo1rs. L€i

1-A O Aa<i<o<h..1=-. tt=.:.t1 ghll

r
+ f I(1+ф.(I_u")",1u)

)] on J0,1] we oьtаin:

l-f

J lt" t 't rt nP,iu I J JIu I xl-1. .r'z t" du)<

-. i-* i

aт'd'iIM=mаx|J(

Lл',(.)I =;
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'l'hсl!'

lim 1,"(I) = liп} G"k,q. t(L)(h=.t(x).
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It is oьvious. 1ILat 0 < o < b< l. Thеп' Ьy thс aьovс thсoгcm' for any. > 0l there
eхists i! рolуnomiаl &(y)' sllсh tlat |l.(y) _ 4.(y)l < с' i.r. .l(J) -- ]''.(fl) < ..
'I.hus' 1(z) = P"(ff) ь thе polуnоmiaj,appгoхjmating l(J) on {j' o], ,tъ oхl,сnd thс
рlо\.с{l oll thе ivholс sеgпrепt [o'h]' rvе sЪould dоIine /(z) on the еxtсnded segfflcnl,,
соlrlanring [9'h]' and usс thс аlтoa<iy pгovсd statеment. тhat сoпLplсtеs ihс PIoo{ of

.Lhis plool'sссms tо Ье гathel attiIi{:iаl' ьUt it js nol сolreсt l,he l,alLd.],u's Irlеthod
is Ьаsed ol| thс idоir of сonsidсIatiоn o{ а funсtjoп G"(т' о)' with tЬе Гo|Ьwilg сharа,с

L) C"(r't) is intсgraЬlс bу ?] anr] ЛolLncgirtive'
2) l.bг аlt l > 0

]im I r-;,\',aа, = t

"-"-.1
ard

.I'lle lаst stаtсllLQn1 сап Ьс pгovcd Ьv alalоg! witlL tlrc previolls tllrюr,enr (rlhikr pгovrng

wс d id поt t]se a]ly pгoр(Jtiсs or thс |.unсtion rr:Чrl. ''х.''P1 thosl,. 11|ll ']1|r ||lrсt]on
6'. рossсssеs)' Thus' it is oпlу lсIt tо Iind iL гunсiion, pоssсssing all thс dlаГaс10Гs ol thс
t|in' l oIj r;'',T,аltn'ruоiГстс.]..i;,,'i"lhссaРaсitуoftllъIunсtiоп',]']l0аnа]оgous
idoa is iп 1hс |)lsо оt l,hс Bеrпstсin's p|Ool', Ьut hс o{IrIcd аnothrг гuпсtioп. аs (;,.(i,, .]'

.Ilre LeЬesgue's Proof
LсЬсsgue has рrovсd 1hс WсiсIstrass tIlooгсm in solnclvhal dilГerсnt statеmеn|, usin8
1hс 1aЛtе сonvсгgеnсr сonсеpt: AЛYсontiпuоusonthсsegmеnt[a,b]fUпсtion/(ll:)]sthе
suЛl of a tamе (oDvelgеnt (on Ia' 6]) pоlуnomial seгiсsli(r)+&(t)+.,.+-1}.(ll)т,,,

сollsider thc idса oI iaпre сonvel.geлсо and its сonlleс],ion with uni|oгпl сoпvсгgеnсе:
,l.hс {unсtional sетiеs U1(z)+ ф(r)+ ' , . + Ц.(:D)+.. , is саlLed tnmе ФnLеrgсп|' on t|1||

segment[a'l,]'ifthегсcхis1sanxmrгjса,lPositiveсonvеrgentsrLiсs-ri+L,+,.,+E".,,'
so tha,t fol all a g].eatQг than a с{!гtain 1v |t/"(о)| < Л''' Iot all xj on tlLe segmсn1 k,,bl,

тhеoгem 2 
^n!J 

hmе сon|)еr|еnl Julтсlional ser,iеs on lhе sе0mеn1|о'bl ,is аIso Иi-
loTmlу con1JeTqenl оn lhis sеg|Ircnt.

PRooг. Let tЬe sегies U (x) + U,@) + ... + U 
"( 

j) +.,, Ьс tamе сoлvсrgcnt.,гhсn,
{oг ihс sufiсiсnt]y 8гсa\ It 1UМ+|(r) <Еу"1; |Il у*2(a) <Л,yn,;,,,forallt6[a'D]'
Aссoтdingtolhedefinitionoftа,meсonvсrgenсe,theseliсsi't+l,+-..+D"+,.,is
сonvelgent, then, aссor.dill8 to thс Cauсhy's сгittx'ion |,p + ,л+l + .. * Дo| < e Гоl а,ll
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/, and q' 8теtrtег t-hеn somс DtrпtЬeг /i'. Norv, havrn takеn N , ёqllaL to ?nnz{lи' rг}' rvt:

oЬt.r,in, ljhа,t for ai1p аnd g slеatеr thrn rv thс |ollowiдg jlLeqLlаlitiеs arс 1lue:

4(')+-',+ U,(,,)| < L.,(l)| + |U,1.(:г)] 1'..+ |4(,)] < li)Р+.-.+ I!], <.
тherefoге, the i]ivсn sсгiёs 

's 
!niloтftL[y сonlvergent, aссoIding lio tIс (]auсЬу.s сгitсlioll.

I

Coгollary 2.7 Тlrc sutn ol а lаrnе соnL]еrgent sеriеs oJ contin\|ous !|]ncl,io|Is is u сon
l'in1юus ,|11nсI'ion.

РRooг' sinсс Ьу |hе \\iei€rs1Iass theolem' lihe аЬovе statеnrent is true for ulLj]ЬГrll
сonvrjгgenсe' jli is l'Ixе Ioт tamс сonvergеnсс' aссordilr8 tо thе pJ'еvjous thеoгcrn. Е

.Ihus' t[e lvсiсrstr.аss 1heoreft! jl its Usllа,] lъrrnUlаtiorl is thс (Лоllaly oIthе 1hс.
oгеm il LeЬesgue's fотrrп]atiоrL' Now, we ргove thсir equivаlепсе il ц'i|l Ьс sлown'
thаt ьv alтanging thс псmьеrs of thе uпiloгmlу сonvеrgеnt sегit]s iпlo glonPs' liarnо

сonvef8enсe сan Ьс а!сlri0vсd. lсt the sсгiеs i(i)+.,,+ "r,'(I)+,,. Ьt rrnifoгп]у соn.
veтgrnt' Aссoтdirlg to thс сauсhy сгitетion foт anY . > 0 thеIс схjsl,s .v.. so thаt 1oI

a|l rn,n > N",(n < п) tllс l'ol1owing is truе /-(I) + . .. r l'.(r)l < r, CoпsiсLст sudr a

seqnenсс.'' th;rt tho sсrios.l +.,-+." +.,, соnvсгgсs. Аlso. wо selеtl' suсh -\'.,, tЬat
thev {orm thc ]n(гe?!sing sequеnсe' 1.llen

/r(z) i ... + .t,(:L ) + ... =

= [/l(,) +.'.+/N.'(I)]+,''|/,u.+'(r) + ,.. + lл.,(')] + . ' (*).

sjllсе in t}|is transloтmatioп $,с do not сhа,ngo tьe posit;oЛs. Ьш1 onlv aттangс liril
mrrnьсrsofthеseliоsiп1o8rouрs,i1]ssl1mdoсsnotсhаngс,,\ссordingtotiсsеlссiioЛ

Ink) +.'.f Л,r.' (})] < |tll(.r:) + '. ' + fi-, (],j)|'

1l".'*,(t) +., , + '/л.,t' 
(,)J < с''

Еverу rnсnЬсl оГ tlrо setjrs (*) doсs not схtеcd rЪс apрropлiltо лсmЬег ot 1])е

|,n(,) +''' + fu.,(')]| +€r +,,, +.'. +,.,,
.гhus, tIla sеIiсs (*) ь taлLс сollvcтgелt. ;шкi j1,s slr1n js eql]a] to thс sulп ol, 1llс

original sеrjсs, ln otlLeг words' thе eхis1'eltсe о[the scrjes oI,рolуnoпlials, rcIrvсtgiпg
rlniforrn]y to tle дivсn Гurrсtion, imрliеs ihе eхistс]tсi] of tЪс tamе сorrvогgслt ;lo]vnorпitl
sстiсs with xhе ьаЛ|с stпr' l.c., tЪr uslla] fotmulation оГtЪе \!ЪiеIstгass,I.heоштn а'nd

lhс f()Г]nnlа'tion ol' I;eЬсsgue arе сqtliиjеnt.
Despil(] iie lас1' tlat ill thс loтпlutatiol o| thе lvеjегstгаss thеoгeЛl it doеs not

Пl?.!tteI lLow eхас1ly uniform]у oг talnе tlr pоlvnomiаl sегies сonvсIgсs' tЪesс сoI|ссpts

а,rс tlil}Ътсnr. I,сt oл tlrс [o.l-,] i"(.) = чI lt is oаsУ to ulLdcl'stаnd. Lha] lhс slr]iсs
/r(lЕ)+...+/"(J)+...isunjIolm]yсonvстgеntоnthо[a.6]: for all .l its suln is сquat
to thс sum of thе сoпv()l.8еnt seтiсs

'i* 111
z-,4;-
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Also, it is oьvious, that this series is пot tame сonvelgent: it docs not сonvсrge aЬso-

lutelу (1 + + + i + ,.. + * +.,. tends to infilitу, while п, tend6 to infinity), and that
implies, that eveгy seтiс6.1 +... + 6" + .. '' wheтe |/"(o) _!<€,,diverges.

Now, сonsidel the сoпсePt of polygoпаl flnсtions, used duIing the proof of thc

Let lunсtion 
'(lt) 

ьe сontinuous on a sеgmсnt Ia,6]. 1,(e) is саtlсd polygonal' ]f thс
segment [,x, b] сouid ьс divided on linite numьeг ofsegments [a, Х1], [х|' х,]', . . 

'w,''ь]'
wheтe /,(о) is linеar.

The polуgonal {unсtioп l(o)' eqlа,l to 0 foг а,ll с J t6, whегс to is a сeltain point
oI 1he segmсnt [a.b]' and ь ]inear loт аl] о 2 zo is сallсd thr еIеmеnlarу polуgonal

Theoгem 3 Аnу polуoonаl finctiсln L(x\' dеfinеd on а sеgrnеnl Lа,s] co1lld bе rеp-

rеsсnk:rl пs |he Бum of а linеar Junclion аnd limitеd numbcт o! сlеmеntаrу polуgorlпl

Junсti'ons -,(3) = 'a' +, + ll(I) +. ' ' + l"(J).

39

Pn'ooг.

гig. 3
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l'ig. 4

Take the firsl link oI the polуgon2'l funсtjoп I(z): jt is the 1ine, defined witlr tle
еqxat]ony=Ac+,'NoW'сoпsidelthеfirnсtioпl,'(r)=-r,@)-kx-b: it is a polу8onа,l
fuilсtio , eq а1 to 0 on thе fiтst se8ment (sеe lig.4). тьеn, subtтасtjng the elementaтy

рolygonа,l ftlnсtion h(c), equa1to 0 on the fiтst seg enL and сoinсiding rvith thе sесond
1ink of -L1(r) on the seсond sеgmсnt fтom ,l(.)' ve oЬtаin ,,(а) the polygonal
funсtioп, equa1 to 0 on the jilst twо sеgmспts' And so on. сonti uil8 this ртoсеss,
we oьtыn thе funсtioп -r."(о) =L(I) м ь l|(a) I,(E) _..-_/" 1(с)' ri''lriсh
is the elеmentаry polygonal fonсtion itself' Desjgnating it as l"(,) We Ieсеive' ihat
,(.rr) = e, + b + /l(t) + . ', + l"(с)' as was tо Ье рrovеd,

Now- сonsider the idea of I,eЬesgue's pтoоI. гilst Pтove, that еvely сontinuous
funсLion сodd Ье apрIoximat€d with a potygопal funсtion witlr any eха'сtnessl and
evely сlementаry рo]ygorral ltrnсtiоn сorrld Ье rcртesеnt€d as tlre tame сonvстgеnt sr1jсs
oI polyпolrLiа,l6. Theп, wit]r the helр of {,he ртevious theoгеm it is possiьle to show that
every polyвonаl {unсtjon is the 6um ol a tаme сonvсIgeпl, Polynorпial seгiсs, l..roлr l,his.
using tЪе fiБt а,sstrmption it |o]lows that еveтy сontinцotrs funсtjon сon1d Ьe lepresented
as a tame сonver8еnt poly omiаl series.

lrrove the liтst sIatemen1:

тhеоrem 4 Lеt n tunct'ion J(x) bе сontinuous on n sеg|nent [а'b]' Thеn iI (:ould ье

applbaimatеd шitll а polуg{JnаI lunсtion uith аnу IеоеI oJ ассumcу on |a,bl'

PRooт,

L'(ф
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ri'ig.5

This ihсoп:тn follоws oЬviousty fгom thе ()antor's thеolem. Sinсe /(e) is сontintous
on the se8!nеnt) it is unifolmly сonti пous on it. Then foт an arЬitlary Е > 0 thrrс
схists suсh .l > 0, 1lrat {oг all rl':с,, |"r _ J,l < d it is tтue tha,t l/(,,) /(,,)] < с'
Now, pетfoтm the рirrtitjonins Х; of tie [a,}], so that thс dista,nсe ьetween evely
two DеighЬoгing рoiпts doеs not eхсeed l. сonsideт thе polygonal funсl,ion ,(')'
]raving fтrrсtuтеs in the рoints of iltсrsссtions o{ peтpcndiсulals to aЬsсissа, dгаlwn
l,lLгоugh thс Points o{ Paтtitioning irnd the gга,рh o{ thе funсtion (sec fig.5). Dvidеnt1y'
тLin\Iвt)' I(&+1)\ < l,(r) < max{,f (х1)',r(xl+1)}. тhеn' 1Ьr all о frorn t hс aгЬi
traly seglnelLt o' раrtitioning [.{'' dl+l] l'(c) doсs not ехсеed tЬe maximum valuс o{

/ оп this segmсцt and is пot sпtal]eг than the mininum value. Tlrrrs, Iоr аlll I from

|x'' х'+1] it is tтlrс, that vФ) _ r,@) < 6' TЬat Pгovеs the statemеnl, of thr thеoтеm.
I

Now ргove' that any elеmeпtaту polуgonа,l funсtion сould Ьe тeprсsentеd ils a laпе
сoЛveгgent sсrjсs of polуnomials'

Lemma 4.1 Гor an! € > 0 anll аn аrьitraту sеgrпеnt |а'ь] suсh a polуnomial P(т)
сould' bе [ound, that |or а|l x Jrom [a,b] |]x Р(')| < с.

PRooЕ. Dхaпine the deсomposition oI (| + z)' using tЬe Ьinomial foгmula:

(] +z)+ = 1+Сl , z+..'+ck!.Zь +.''

' | |^ | 1 (2]r_з)|| .. 
'(| Z\i = | + 

'Z 
- ;Z" 

_ , ' . 
_ (_l)- '.zТ' 

ok _^-.Z" | ..

(r ,,)i r+...+(- t\o- .*.Qr. z' r... r.*).

^ (2e-3)!! 1 3

' чk = ak 2у= 
' 

n
2k-3
2k-2
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jr r'-]r .. r'-*!l

'a.:Е^('_,!),
... < _}m, sоьui l0r1 _ +) _ _!-_ L_

l" Qr <

гig. 6

sinсс (ln,Y), = *' l + i +.,. + *! > ьrс (see fi8.6); 1h!s hr Q1 < _} Ln A' 1iorrr

rvirете o^ < .r_ < }
тr."i,"t"r,"] iirl.'"121 < 1 еvелу пLcmЬеr of tЬе sетies (**) doеs nоt eхсeer1 tle

сorIesрondjngrnёmЬeIo{theseтiсs1+#+*+,''+.;+,.'ЬytЬeaьsolutcvir,lliе.
This sе es сonvещ€s,.Lnd that implies that the sеIies (**) is |amе сonvетgent. Wh()lr

Z| < l, thс seгi.]s (**) hа,s a nоn egaiive srrп, i.е, (r + Z); = Ф + Z. 1| z = IJ _ I.
while ]zi < l, wir oЬtaini

y'l, "г = t l=tr..lJ-'''т(.l)t-l'- QЕ t,"r |],22L
In ordrr io rхtend thе Plovеd оn the alЬitlагy sеgmeпt [o,6], rvе соnsidет thс scg

mсnt { N, N], сoпtaining [a,ь]. Lrt l ьe eqtа,l to ]Y . ,; thon с| < 1 imр|jеs 
'J 

< ,N

1t+ ):\2|,:r'l'|, =л. -1) ...+( 1)l-1 %18.(r'
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...+( l)t 
2ef Qr'

Sinсе ]}] < 1, wс oьiыn thc tаme сonv€rgent sеIies . evсrу member oI tЫs seтiеs
doсs пot rхсесd the сorтesponding пcmьel oI the sстies 1v'(1+ #+ # +. . .+ й+. ' .

Ьy thc а,Ьsolutс vа.lue.

l.he sсriоs Л.(1+ fr+ й +,..+ #+...) _ л+ #+. '.+ *+... сonveгges'
so 1hстr eхьts its paтtial sum S.' suсh tha1 the lemаindсr oI the series does not ехсесd

fr: .I]akс suсh a paltial sum o{ thе sеriсs |+ *+:Б +...+ й + '.., tЬat lts
rсrnaindег doеs пot eхсeed Ё ьу modulus. Then, sinсe

-. N N / I | \,'N, тrt ''-N.(' ,N2|.''тт ).
thе сoтгesроnding Рaгtiа,l suпl ,9. оf the seliеs N .(1 + # + # + ...+ ;}) i. not
glса,tст than fr Ьy modulus. Сonsidет ru.th paгtial sum of thе sегiеs (* * +), sinсc 1he
srГhs (* * *) is tzlme сonvelgеnt (its evcly membст does not eхсced thе сoтгеsрonding. ., /, | \. ,
лrnrnЬсr oJ Ih" .сri.,. 

^' 
(| й+#.+ ' 'й-'''J). 

tЬ.n its "оmajndр. аso

doеs lrot eхссed fr Ьy mоdulus. TЬls, foт tLlс pаJtiat sum о{ t}is sстiсs s,,(,.) it is
true, that

t,t .1,,(,)t . i
Wс d|oose s]lсh N, tЪat # < г' Thсn, |'г s;(ij) < . оЛ t|rе sеgпrсlLt ['..'], and

tlLat mсaпs, that 5r.(I) is tlrе dсs]геd polуnorпiаl' в

Coгollaтy 4'| on еwrlJ sР4nlеnl |a'bl t'heпэ exi,sls o' sеriеs oJ polуnomiаIь, conllеrytng
Io'rпеlу Io |l|'

Plloot. вy Lhe pгevioos lernrna, Ior eveгy Й therс схists ыrсh a рoJyпоrnial S,.(l),
l'hat ]|lt,l _.'"(с)| < #)' Lе1

P't,) = 
j.(,.t P,tr; S.(,)-j'r/).....P"{,r= s"r,) i"-'r,r....

oп the seвment |_n' n]

l&r,) ll" -.t"r,l 3,,-'1,t ','1 < l"l i"-'t, r - i;t,l- l..l <

112t l"- tr* * < (nr),'
oЬv;ous]y, 1lrете еxists n, slrсh that the segment [_n, n] сontains [с,6]. |P"(Ф| < cj'''
so thе sетi€s &(,) + ... + P"(g) + ... is tamе сonvеIgeпt on [a,}]. Also, JчLI&(,) +

...+P"(o)] = 
"lцLs"(u) 

= |0|. п

Thus, we hа,ve pтoved' that tьe funсtion |o] сould Ьe тepтesсnted as a tame сoпver.
gеnt series of рolynomials. oЬviously, this statement сould ьe spгead on every funсtioп
1t q:

' ],_q]=&(с)+,..+P"(")+...'

=, ('*i(# ')
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whclс 1,i(i]) = p*(' ф'
Sinсс сvегу polуgorra1 |rrnсtion l(t) сo1 d Ье |eргёs{иtеd Ьr llLс fornr of и( :г q r

e 4), i1 а]so сoxl.] Ьс dссomposed in l,Jre tame с(n|v1x'8('lt sсtios ol рolуnошials. Itпrсс.
aссoкli g 1() tlLс Тheoтсln iJ. сveгу polуgonal гLI сtioIl сox]d Ьс rePrсsспtсd as а 1,allrе

сolvorgеnt sсries ot Рolynolniats. l
l3у l1rс 1.heoreпr 4' 1oг anУ с > 0 theтe cxists snсh a po1ygoЛii furldion 

'(')' 
lihа.t

l/t'"; rtrrl t I'2
Iol.r1l l:1ronr [o, }], Colvcrscly,:r,ссотding to lhо aьovс сonсlLrsiолs Ior 1,(l;) thегe r:хьts

",r. rl .' рoIvrro^ iа| P(r). 'h,t

,t.tt\ P"tl' '

т:hen |/'(r) _ r(t)| < . on 1hе sе8mопt |a,D]. Hrnсe, for аn]' nalnrа.] llu1llЬсг ,r. tlele
схists stсl а polvпоlrrial 5;(:г). that |1(:r,)..s''.(о) < fr on [a.ll. Tа,lrс l,,,(z) =
.'"(т) .'"-1(z).

]D"(с) = |s'"(c)_ 5; l(j)i < /(,) - s; .(r)| + /(r) _,9"(t) . -'-] *tл rl'
sinсe L+ + +.''+ i +',, сonverges,

r,r (,) + .'. + 1,"(т) + .,.,1ohеrе(J,',(I) = s"(l') s;'(j,))

is tamе сonveгge t' Also,

P,(r)+...+ r"@) + ... = !(x),

i.o, /(x: ) сol]d Ь{r rерresentоd jn thс 
'orm 

of tlLe tame сoпv0гgeпt sсГiсs ог рolv]lo]niaLs
on the sе8lllсnt Io,lt]. 

.l.hlt сoinp]etes thо proоfoГ tlLс rn:rjn st;rtепLсnt of Liс \vciсl.stгass

.1.hе landш's Proof does rlot givс us а,n indiсalion' lrorv to tinrl the pо|yЛonljal,

aрpтoxirDatiп8 thс givоn 11lnсliofi /(J) on thе sеgтnоnt |rr'' /,] wi1h 1lс gjvсп a.сulaсу
(r,o сопstтпсt 1]|аt рolуnolпiа,l it is песоssaIy' 1() Iii(1 r?,, suсh tha1 tiс modu]us ol 1llс

rсmaiпdег

/i,, I ...- l 1.u r) il r"'tli- t\!)t" J

"+
is lot gr{]at{]г l han ! Ioт all z Iлoтlr [o' l]' a,nd this сould Ье verv ditliспl.l. oт сveп iпrpоs
siЬtс). Тhе l,eЬсsgпе's pтoof. аs wj]l bс showll fuгthсi givеs lrs a ll|rivrтsаl (а]ilrO!gh
схtrаoidinary awk\\,ard] mеthod o1 сonstruсtin8 оГ suсh iL polулotljii.

Norr., lvс tгу to 1ild thс dr8l.rс ol i'hr рowсI oi thс LеЬсsgu0's роlуnоmia]. :rрproх

iln:Ltiл8 1uпс]'ioп /(z) orr th.: sеgmeлt [o.!] with ал aссuгaсy up to.,
To сonstгuсt tllс арpтoхimаting polylorrLial, fпst a po]-vgona] Iunсl,ioп /,(:u)' ap

ртoасh]лg /(r) ttitlr aссuraсy uр to !'sЪoulti ьс tоtl]ld, Thсn iLis nссessaгy to dесопL

Роse th;s potYgonal Iund,ion in thе suп otliieа] aпd ekrnentaгy lюlvgonal {Uпсtiols.
аnd .rаdl of thоin must Ьe aрProхjлаted with a poLYпomj?rl wi11| аl1 ассuraсy ul) l,o ;.
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ьy thе {o]lowing i сquа,]ity:

,--l-'" - k,/h '

l is doteгminсd

1

(ь+1)v{+1
l

,\",

whrrе * < :' T]иt js ni < /Т. tl.nt irnpliсs 1. < r/? ш-"' rvс Ьound R Гroпr

Ьеiow Ьv |hс intсgта] i,': а,' п..t is.]qrlal to ;l. .i' l.herefогс' to makс /. |сss. Lhаl

/i. lt is nе"еssаrv, t| jlt ;l , < /;. tt'ut ;. A > $' Thls' a]thou8h in t]r{:oгy it
is рossiЬlo to соnstгuсt thс I,оьсsgUс's po1ynomial, appгoхirпatnrg.f(z) wi1h Ihс 8L\сlL
ir{[ula(v а. ill pг?tсtiсс it сould Ье гсаljzed оnlу rvhсn с is su{fiсbntlv 8тrat (tI|е pоw(!г
оf ihс I,dюsgrrс polуnoшLial' аppronrпaliig /(z) wjth aссulaсу 0.0l.;s тtloтe thаn two
пi]liotLs),

ll shoukl Ьr: notсd, 1,lral, tl]e рowог оf lhc polуnoпrial' nсссssaгy foг 1,llс а1lprori
nlation oг the tunсtioл lvith Lhe Biven i!ссuraсу . doеs not dсpсnd otl Lhс Гorm oг the
filnсtjоn' Irr Iaсt' lhс foПn oГ thс givеп Гunсtiоn dсtсгrninсs oЛ|y tlj0 lррroхitnatillg
polygon;rl ltnсtjol ,l,(.l)' Ьut thtl pоrvoг o1'polуnoпriirls, apрroхimatiлg сvсгv clеnlеn.
taгу РolУgollill tunсtiоn (lirгmjng ll]e /,(t) d()соnц)osition) dеpслds, as rvо Ъavе sееп.
оrr1у oп s,

Tlre Bегnstеin's Proоf

Nоtv сotlsidсr tltс l]cr]lslсin,s рroo[ l,hс \vсieгsL|аss.Гllеoгсtn. As it Nils | сn1iопoа
Ьol'ore. ]1 iь Ьasсd on thо sаrnс ca' аs t]к'l,аnd.ru's pгооf: Гiшt. thс 1.1|n(jtion (l'',
w]lh spl!сi.]1 p|oPс|1iсs (sсс аЬovс) is sеlссtеd and thсrr, rrsing l'his |llлсtiol|, w{] ЬlIiIi
а po|уnornirrl. that satisfiсs thс сonditioлs oГ thс |hеoтеln' In Beгnslein's пtсtЬod wl!

Lakе.,.(;'l) =(,l,:t,',,(1'_l)'.,'',instсad(,I(J,.(..J)'LsЬ'.tuгc. In

Ltс (:),рlсity ol :!n aPрloхjmating рo|vлomiat wе сoпsidсr B" = i О,'(:.x') ' ,t(:)'
insiоаd ol'J I(ф ' C"(x-фd'n,

,ГlLus, the сhal;rсtсl o{ a firпсtion G, that J. C"(U' I) dt, tеnds 1,o 0 toг al] d > 0'

is rеplar:сd lvi1h lhс tollorving сharасtег: [oг a'|| d > a |Cix','.(l _ c)"-- - 0' as

л * co, Ргovitlсd that } _ z] > d. Now, wс гIo!е tЪat {unсt|oЛs .," Рossеss Lhis

сhaгaсtеr (lilst, i!с рrovс thc сolrссtnеss of the slatemeпt гoг thс sсsmеllt {0' ]]).

Lemma 4.2 Giuеn 0 < rс < 1 an|1 m. n - integет Mlmьеrs, ,l'Ircn' 
IoГ аnу € > o о,nd

s > 0, |hеrе euis's saсh rY, d,еpеndin4 on € and, s' Ihd Jor аu n > N lhе lolloШillg
i|rcq1юIitу is truс:

l+
t C: . r^ (1 r)"-- < 6.

PRooг. Мultip]у t (1_ с).-- Ьу thс numЬсr G-{, gгсater thа,n



.,1(i 1'hс WеiсБtlass thсоrcm

l:

с:i'x,, (t-x)" -. i .I'" е -'). ":',-'1L 
l)'.-','<

. гЬ Ё.- 
n, ф,.с:;'.,r.(l _")'._..

Now, difeгсntiа,tе the Ьinomiаl folmцla

I .;, ,'. 'q"-," . lt'.-чi

Ьу 7 а,nd mu]tiplу the геsu1t]og rquаlitу Ьy p:

L- ci .p^ q"-- = n. p.(pt q)-' (2)

tl'eреaiilg diffетential,ion and пlrlLt]plying ьy p ()]Lсс molr ve oЬtain:

(r)

suьstituting ? = r; :rlrd q = 1- xj in ihe identiti0s (2)' (3)' (4)' lvс muliiрlу thспL Ьу

oI. tr' '2. n. I and 1 ],сspeсtively. anсl arld. ЦЪ сlln,ain:

|t.' n lу.г'..- 'J'. ||-J],'" л,,г,l| , =i,

-\*o1iсin8' tЬat the sllm iп the le1l sidс of this inсq|la,|ity is thс salflе аs the slnl in thr

тight sidс of thc iлеqtalitY (l), we oьtail

(j",,'|'^' (1' о" ^ . т|',.,,

L

(1)

2-

Now. seleсt п, suсh tlrаt

апr1 thс inеquа,litv

I

С:.I".(1_")","<э2-

Ьeсomes true, lГlrаt proves thе sltltсment oГ 1he 1emma. l-l

Now we prove tЬe Weielstтa,ss thеoIe]n цsing the вrrlnstёin's mеthod.
Ptooг oг тtlD 1.пDoRDм. l,еt.|(с) Ье а (olttilllous {0nсtion oп the seglnслt

t0, 1]. Let .l,1 Ье the ]naхirnum oIits moduhs. o > 0' (€ = Тi./ ). Tаltс s1lсh.q' xl|a1 if
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lz1 t,| < s, the followjng is true: |f (.) _ J@,) <;. Plove' tЬа,t IД"(J)-l(,)| <o'
at suffrсiently gleat ,x, wh€re

,"tJ) т- I\',, ).(j: .ln ' (l _ J)l-л.

Eха,minс tlrе srrm i c: ."^ . (t _ 
")" 

-, Aссoтding tо thе ьinomiа,l {ormu]a this

6rlm is еqual to ], We dividо it in two sums ! and !, wheгe

L

L

47

= | rt'il с:.{.(1 l)n-fr'
l+ ,ls, '

= | tt'il c: 'Jf,-(1 .r)a'л.

]'hеn, ьУ l,he pleсeding lеmma' we obtain' thа'1,

Zс: '" 
.o _ 

')'' ^ < 1,

>]cf . ," (r ,)"-"' < 6



4S тhe Weierctгass theoгеm

/using Ьoundednеьs of ьoth srrms, oЬiаinеd in the Ьeginnjпg of thе pтoof/

<i'l tzм...;-i "

Now.jхtend tlis result on the а,IЬitlaтy sеgment [с,6]. T,с1

t, = |э _ а, 1|(t) = IG+ L. L)' € > 0'

tsy tILe pтeсedi1lg thсolem, sinсе , с [0,1], therc ехists л, suсlL that foт all n > 1v

B"(t) F(t) < €'

where

Д"(,) = Г I'(:)'.':.l^.(|_ l)" ^,

Мakс a suЬstil,ution l = -з. Wе oьtаin, thа,t

J@) в!'(a) < е,

wheтe вi(z) = в.(ql)- .I'helefотe' Bi(о) is a Beтnstеin's po]ynoтniirl [оr l(т).
lrrom plеviously тn€пtiопed the mа,in statеlтlelt of thс \4/eierstта,ss theolem lьlbwsI

f(c)= B,(r)+IB"(I) _ Bt(z)] + .. , + [-B"(J) _ в" l(e)]+,., (-)

whсlР (.) i' rrlр.rгiloгm|у сonvсlg.n| Б"гiё''
Now, we vстify, thаt with thе heLp of Bernstеiл's polvпomiais the pтoblсm ()1 а!tr)

ploximatiir8 o{ thе givеn Iunсtion сouid Ьr solved, гstimaiс thе dеgгee of an eгlor,
атiвirrg whilе герlaсiпg thc funсtion 'f(c) with ihе polynоlnia,i ]9'(o). Аssume. thlt
l(с) ilr сontin[ous а,nd thтee timrs diflrт€ntia'ь]c oд thе sсgmеnt [0,1]; пroтсoveг its

thiтd dетivа,tivе is сontinuoцs. The сquаJity f: с:.* '(r .)" -=1imрliоs,thаt

в^(l) |(x) = |J(:) l@1 C: .l. . g |--i1"-- IJу the lthyloт's forшula

/r 
m,l lr,l (, -,\ Г,,,-'.(n', _,\,'r,,o:,=

\,

/n \ -. I tm \'z I tn
=l -lt tt.r1 .-.t -'t l"\r) :.( -,1 ll"rqi) I"Q)]\л J 2 \л / ,2 \n

Wherс qr с [f,'с]' 1'hсn

в^@) l@)=/(') Ё (T_") "r.cm'(1 
cг-n+
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I L /m \2:\,I--: r1 ,I|I(^q\ ra|.\].сn.ln (| J,J"--=s| +s,'-sз'2 L \n

that implies

'B"|I]- J(x\ 's,| 1 sl| |;Е(;_.) .|I''\s:)'I''|,1|'

.с'r.I. (1 _ 0)"-- = s1 +sз.

Now, wе ртovе, tha,t .9r = 0. In faсt' diffсrentiatin8 the ideпti1'y

_u-(i z+u)" = LcТ '^'(l_")" ",ll

аnd multiр1yin8 both sides bу с, we oЬtаrn:

L n' . |-i . !'" . (| _ А".",

l)ividing the last сquation Ьy n' we rсссivс

49

(4)

(5)

" = Г,у с:,' {.', \1 _ :E)"',,,

that imр]ies' that .9I = 0. lъpratin8 hе opеlation o{ diffeгеIttiаting thc idеn1,itУ (5)
аnd multiplying Ьv т' rvс oЬtaiп:

.:..
L.' с: ';-'(l_о)" ^ = n . (n _ 1) , a' + n , I . (6)

(1) aпd (2) impl]es' that 5, = 7 - ]-'
show' that .'з tеnds to 0, аs n'+., wlreгe Е > 0. Divide 5з in two srrms 

' 
апd

D, wheгr 

' 
iпсLudсs all g' sа,tisJуin8 thс inеquа,lty |} _,] < }' and ! all otiеrs'a

Sinсс /,,,(a;) ь соntiпuons oi t0' 1]' it ь Ьoundсd oп it. sinсe /,l(o) is diffeгentiа,Ьlс
on l0,1], it js сontinoous оп this s€gтnenl', and a]sо Ьoundеd on it. Lеt,41 - ьe the
maximrrпr of the modrrhrs of /,,(c), аnd A Ьe the maximum oI thе modnlus o{ /-(J) '

тhеn, оьvjously' theIе ехists suсh С > 0, t\at ш(d\ < C .d, where t, is thr modllus of
сontinuity of /,,(r;)' By the dеfiпition of lhr modulus of thс соntinuity, wс have

|f''(Ф - J,,@| ! ш(]q _ o|)'

and {oт any value т' whose ! inсlud€s' it is truе' tьat

-(k-,1). *
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Tltus:

Ttle \vс]сrьtrass l lrоrе]]L

/"i.*l*.<*/

t }r";,.. | - ,l ]"-".: !Е . z'lI (,,l -,),.'... ' ,,' ".

/siпсe 4_z| > ]-/'- ^-z

S 2М ',тti . i (з _ ,)" "r 
,,. ' (1 _ .т)" *.

,-'"\' /

сonsider the jdentitv (5) and diflетеltiate it three iiшоs, rrLultiрlуing сaс]l tirne ьy J.
we oЬtaiп:

Z nР . C:" . rn' ( | _ r)aЧn = n'. (n' - t)(n - 2)' xз + 3n. (n' 1)' I, + n',x ('7)

Repeating thr sarne operation, wё oьtaiл:

t-" cr,тn,(1 -rtr n= (s)

n'.(n'-|).(п 2) (n - :') ' I,4 + 6n .Q} 1) '(n 2).l+ (9)

+7n.(п - 1)x, a n''x, (10)

.|.he теLrtionships (6)'(7),(B) and (9) iшplу thаtj

|(-' - n.l)^ ,сr ' :l"' , (1 J)"-- =

=3n,0,.(1 _ с)? + n.t '(t-z)(1-6t.-вr,)<I(.n,
lvhеre ,Ii is a сonstanl. f'hen,

tv{.L',:И','i Гr,,'- x)4 .':.... (l_/''." < l'\|-h. n:.". :-.'"..-

lhu.. q. Г|lt ,'; ?y.{' t.om яhпг"
тт

B^t'r !\r) t,l' F-'Y;tt(

, # т(? -')' (::", {, (1 - I)"-^ <t
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i.e' |B"(x)_f(a)_S, is tеnding to 0 пot sloweт, than n. Then, sirrсс S, _ L,f,,(').'.#'

з'(э) /(с)- }'.r' о r,al. ( 11)

l'}erefoтe, foт аll z, whетe J,,(о) distinсts Irom zeгo' the сттoт oI appтoхimation o{
/(r) with Bеlnstein's polynomia]s hа,s a dеgгоr : $ f,(") = 0, theп a degrее o{
аppгoхimation ь ni8heO. As i thе сasе of l,eЬesguе,s Рolynoпiа,ls, the dсgтсс of
apРгoximа,tion of 1hс вivrn {rrnсtion ь)' Brпlstein's polynomiаls does not dеpend on /.

A Bсгnstein's рo1ynоmial, apPloхilDaiing l(r) w]th the aссulaсv Е сottd ье ЬUilt
mudl easicr, than а, I,еЬсsgue's po]ynomiir,] (thс dсgтee of Brгn61,ein,s рolуnornial is J,
wlile t}re dеgтее оf LсЬcsgue)s polуILomiat is +' Thus, Bетnstсin's polynomi.rJs аie
molс сonvenient 1,oт pтaсtiсa,l use, then othelsl сonsidered in that Papeг.

.I.he proof ot tle ц/€ieгstтass thсoтсm is thе рюof o[ thс fa,сt, that сvery сontinuous
funсtion, Iega,тdlеss of thе way ()1 its rcpresеnting, has its own а,na]yiiс explcssiоn' \4le
сou]d study the ргopertiсs oI аnv сontinuous {tnсtion' With the helр oI aРpтoхimatin8
рoIpomiа,ls, that сould Ьe Ьui]t, цsing the Beтnsteiп's method.
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M. Matveev

About Еquivalenсе of Strоng and \Д/eak Convеxity of
Funсtions

M. Matveev

Introduсtion
(]onveхitу is a сorrсept of glсаt imрoгtanсe jn analysis' Considет thе сondition of
сonveхity of an агЬitraly тeal 1tLnсtiolL: |oт а,1l e,3r € R' (t с [0' 1]

г(az + (] _ o)y) ! aЛ(о) + (1 _ o)l(9) (1)

l.]ris сorrditiorL сould Ьe silnply veriЛql Гor rr = 1/2:

rtll
tl("х+ 

,зl) < 1t\ф + ,т(u) (2)

lt is rvсl| knowп, that foг any соntintous гunсtion thе сonditioпs (1)and (2) aгr
сquiv?ilent. ln the сuГгent paреr rvе сonsidет th€ quеstion of theiг еquiva]еnсе foт

aгЬitraly {unсtions' lVe wil] shorv' that the Pтevious сond]tioпs arс nоt equivitlellt iп
gcneгiJ, Ьut ths сoпditioл (J.) is sufi]сient Ioг сonvexity o{ пeasurirьle Irrпсtioпs.

Strong аnd weak сonvехity

Basiс deffnitions

Now, wе give the Ьasiс dеfinitionsi
Deffnition 1 гunсtion Л : R + R is са,lled stтоngly сonveх, if foт all с,y € R,
.l с [0' 1]

Л(a, + (1_ a)y) < 0л(с) + (1 _ o),Е(g)

Deffnition 2 Еunсtion ,Е : R + R is саll€d s1тongly сonсavе, if for а,ll s,y с R'
@ € [0'1]

л(aс + (1 a)y) > oд'(т) + (1 _ @)Л(9)

Dеfinition 3 I'unсtion Л: R - R ь сallеd wеа.kly сonvех, iт foт а,1l c,y € R

' F((r + у\l2) { g(c) + I'(g))lz



Thс wеа,k сoпсtvity сolJd Ье dеnned similаrlу.
Uvidеnlly' stтong сonvсхitv impliеs rvеа,k сonvrхitу (sUЬstitUting n = 0,5 in thс

dсfinitioл of stгon8 сonvех]tу' !vе gсt thс defiпitjоn oГ ivеak соnvсхitv)'

An exаrr-rple of r,roncquivаlenсe of stгoпg and weak сoпvехity

l\olv, we ргovс thе схistсЛсс oГ a rvсaklv сonvеx, Ьпt not stlon8]y соnvсх funсli(nl.
Rеmaгk lruтtЬел wе {.i]1 givс oпlу thе prоo1s lbг сюrLv.::х funсtioтLs (tl|e snlne Гaсts Ioг
сonсavr l.uтLсtiols сoп1d Ье pтoved Ьv anа1ogу tvixh ploofs 1o1 сonvcх l.rlnсtions)'

Theoтеlrr 1 Аnу сonlйШous tоuklу corl,uе:t: ,fllnсtion is s|'ror1gl! сol1|1еL,

PRooг' \vё ргоve the inеqualiiv (]) tоr а Ьirlarу lа,tiоrlа] a Ьy jлd сtion оll thс

Рowс| o| 2 il| dсnominatol'. lf it is еquаl to 1' Wе 8et 1,lte dсfL]Liijjon о| rvсak соnvсxitv.
Irct .i bс сqllal io {. rvЪеге n is arL natuта.lnumьсI' and *, js arr odd пatпгa]ltlnЬoг

.].1lсn

stloпg аnd wеak сonvохil!

'- А ,, /i,!.r-, t ,'1.- , 1t', .

L...l i-1 .- L+1. ..[-1.II|:Т J ' (| 2,' 
\!\ | I(i! | (| \it,tt<

a_ rL,^ )Г0D {,lnс,ln },altr.
}n1'.1+с' |lnrл

TЬс tiLst of these iпequаLitiоs ]s valid sinсe * * r аrrd * _ 1 аrс с\,сn oа,tulаl пumЬols,
Nоrv, pтovс th;r'l faсl, 1Ьr an aгЬitгary тсal сr' rhс|с схis1,s а sсl]Uеnсе rr" - {}' whсtс

а"Jl a,. aтe ЬiтLаrу rаtiol:rl, Rэalizing а pа,ssagс tо ihе limit аt n + oо jn thе Ргovеd
ilreql1alilу

F (d"r + l1 - .r,,)'y) < a" r'(r) + (1 - .l" )r'(r)
alld osiЛg tha]: t' is сontinuoLls' w€ оЬtаin (l)' as rvаs ro Ье рrovоd, l

,Г]lns, t]lс сonсерi|s ol Wсak and strong сoi|veхit1' (сorrсаvitу) а'гe с(uivalсn1 tor

сontiпuons fllnсtiоns. с]onsideт tlrc qoеstiol oIthеiг сцrivalсnсе 1'or a,r'ЬiLlагy {unсtions'
It is fouЛd, tha] it deрeЛds сssепt]aшy on thc eхtra axioms, а(ldсd to thс lsunl $et оt

ThеIе ехisl, sirYегa] аssсгtions, ]пdсperrdсnt oл thс stаndirгd sсt i]leoleliс ахiorns'
somdirnсs. i1, is rcаsonаЬlс tсj сonsidсr 1hefit аs ехtTа aхiопls, l'losl \l,сu kllorvn ald
rrsс{ц] 1iorrr thoлL is an а-riom ol сhоiсо,

.,\хiom of сlLoiсо maу Ьe foтtlluiatсd in 1hгеe еqua] !vауs:

Aхion of сlroiсе Io| nnу sеt oJ nonеrn|'t1J sеts {1I"} thеrс сx:isLs Ф | \а} - n"
suсh tha| |b|а) с Е"'

Lеmnra (zoтn) Lеt М bе a p(ftiаlLa ordoеd sеt. Тhсn' е|istспrc of |hе s1lprеnf-

еIе1lrcnt for еNсTIJ ils linе(rТ ordеT.d' \nbsеt imPliеs сriьLeпсе oI thc |xp|Yrnе сk,nсnt lo1

Thеoгem (Zernrеlo) Аn,у set crln ье totnllu ord'еrеd.

|r\!по*a
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]J€iinitions of paгtia.I, l]псal and l'otal oгdel on a sel, and pгoс]f of сquivatеnсe oГ
thсsе ilsseгtions саn bc ioulded in [1]' Гxrthсr wс use so с moгс соnсePtions and га,сts

frош tЪerе (suсh rш tгansfinitс induсtiоn),
Now Wс show, tlrilt if we aсссрt Lhc ахioпr оf сhoiсe, thеn woak (]onvсхitу dоеs not

ilnP]:v s1 гol]8 сonvсхitу,

Th€oтеlll 2 (I.Iamel Ьаsis) Ir| пnу wсtoT sPа|:е t]rcrc .xi|IЬ а basis.

l)Rooг, or.lс. a sоt O{ lilк]ат ]ndeреlldсnl s1-steпrs Ьv inсlrrsiолl

хs),<+хсy
()Ьуiоrlsly, еvtlгv сlLai lLаs thс sUpremе dlxrlсЛt thс join oI its сlсlпсnts. lГllсrсIolс
t|lо whоlс sсl ]lа5 thc sцPгспlс с]rff](]n1,1hаt, е!'id0nl,ly. will Ьe а llаsis. Ilсal]v. if ]r"}
is a sl|plопlо е]rrrlLсnt d 'r is a veсtoг, \t4liсit is oxl, of linсar соveГ of {с.,}' \,с сl1ll .joil|

'rl to {r.,} antl this rviLL Ьс |iЛеirг il|dсpclLdсnt s},steЛl. сontаinin8 {r:.,], l
Rеmaгk ,\lry tineaг iпdcpспdсrrt sуslепl ltlау Ьс сonPletсd t() Ьаsis. This гaсl,. r:oll.

I,аiIliпg рIсviоlls ih(xllсln, сirrl ьo рrorц] silIlilirг]r. Wе slrоuld on]v ох;!пliЛ0 i], sеl of
linоат indсpсndсnt sуstеIIrs, сoll1аi]|ing givоlL sуstсm,

Dеflпitiorr 4 I'llnсtion /. : /t. l? is сt lсd аdditiv(l, jfIor a]l u'y € l.

1|(t -| lt) - F.(I) + Г(у)

Thеoгem 3 ,1hrll t,t:isls а nоltillшr оrkl|tiтс lulк'I,ion'

Illioot'. I.rrt {r:."} liс а Ьas]s i;r ,/. ovеr Q, \!ъ dсIinс ,lr oп tlrс Ьаsis aпd thсп o1l tlLс

rvlro]с sрaсс л. ь}' ]ditivir\', \ve s(]| su(jl| vаlrrеs oI /i on 1ho Jiгsl] thг.(] Ьasjs сlсmсnts'
lhа1' /r is Ilot linс.Iг' Гoт схаrnp1с, г(r:.,.,) = t''(e.',) = 0' /''(c.',) = 1, othсг va|tlсs сorl]d

Ьс сhosоtt in .[гЬitгаr! wnу. l
Rеmагk .l'hus wс сA]r сoЛstгuсt 2. fllItсtioпs 1lvhilе 1hсrс eхis1 oulу ( фntiлLlоLls
lirпсtiопs).

сoтollaтy 3.1 ,I'hr:тс tл:iэ|s а 1r.{Ikl]J сo11'xа' ьut 11оI slro||qlу Фт|1l.r J тrcIi.-'ll'

I,пoo!.' Сonsideг tho гuпсtion' сollstгLlсtеd irr the prсviorrs 1']lrrогспl, Il js Ьoth

wсakly сonvсх and сonсavе, l}ut iГit is sl"тonglу сonvсх аl|d (:оnсa,v{], t]|en i1 is lilLe:rr'

t]ut wе liav{] сonstгuсted it nоn.lineаr' so it is not stтong сollveх:!nd сonсavr. П

(lf il, is stтong сoлсavе al|d nоt stlonв сonvсх' wе сan сhangс its sign to oЬtanl
Л€edcd сха,mPlс.)

Thе сonсеpts of strong and weak сonveхity foг meаsurаЬlе funсtions

We see, thа,t wе сan not assегt thс еquivalеnсе оftwo dсfinjtions foт aгьitIaтy {unсtions.

l{owevеr, сonsideт thе largеst ..sеnsiьlс'' сlass of funсtions, studied in analysis mea

suгaЬ]с. Гrlтthст we rvill shorv, that it Wolld lre impossiЬle to сonst]'!сt а mса,suгaЬlе

funсtion iviti thе'desсriЬed aЬоve pтopelties.
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TЬеoгеm 4 LсI' 1,' I R э 1| bс: nlcаsuтablе md аd.1iti|':- 1'h(n l|'(r) = аJ:, u]]'с|'с
ае I|.

t,Rooг. Wе dividr thе РIoo1 into two РаIts: Iirst rvr РГove sulrшаьilitу of thс
fnndiorL, a,n(] 1,lrсn. lihа,t summaЬili|у oi the l11Dс],ion Л impliеs its сoltiЛUit\.,

Provo l,llс liгst рart, Сoпsjdсr a sеgment [rr'6]. lVe lvill pтovе, that i1' has a, suь.
sеg]iеnt, whrlс л is Ьouпded aЬovtl'(Theп wr shall сhoosс ana]ogоuslv il sцЬsсgпеllt
()1 1tlе сhоsеn srLЬsсgmсnt. wierr) /i js Ьоulded Ьо1oiv; thсn li is surпmaЬ]е oп this
suЬsс8men1')' |,<|1" А',={r € k',] :-г(о) >'n},lt'€ Z. l,rovе ihat Ьv сon]'tаdiсtion:
suppоsс' tЬаt -1'js nol Ьoundсi оn ;!nv slrьs{jgme l o1 [а'b]. Tltеn' е\.idently, еvelу
suЬsegment оf [o.6] interscсts With any ,4',; l]Lal mсaлs, that сvсIv ,,1,' is сveryrvhсгс
delse oп |a'b]. oЬviolrsly, n/' = 0aпd U,4.. = |o.6l sо, ассord]rrg to the сOп1illui1'r, оГ
lnеasurс. rvс hаvс ]iln,'-.- ?'(n")= о, tiln". -nl(,4')=i;_o,uJlеле пr is tr )'еЬоsgrrе
rnсasrrгс. [Ienсё' thеrе схjsts n с Z : |n(А,') > lл(n"*1), С1lооse 16 е ,4"\,4"*1 and
z с А"+,:0 < т ]rjo <.l rr.ir:rс с = m,(.4,) _ rn(,4.-r). It сou1d Ьr: dolrэ, sirrсс .4"*,
is er.ег1'vhcгс dеnse. 1 €,4, + l'(у) > n -+ I,(у I I - rg) = .(,) + l.(I) _,;.(z0) >

n+(n+2) (n+I):n+1' so' we hаve, с д,, + (]/+:г zo) € -4"+r.
А" + (a aa) С ,4,'+1, theгrfolс 7"(,4' + (' - lDo)) 

-< 
лl'(.a'+r)' s]nсс ,, is translatnnr'

irrvarialt' rn(,a" f (z I0)) > m(/t'') (z Jo) (sjnсe' m(.4, + (I I0)\[a'..]) is лot
gft.а1rт, 1'ha0 (r - сn)), Tlrus n(J"+l) > m(l''') (I _ 

'^) 
> m|А',) _. > -('1''..').Гhis is a сопtгаdiсtiоn'

\4iе havc pюvсd tllс surnmaЬiIity of the ftlпсl,ion l. o]] a ссгt:rj! sсgпrсlrt [a,bl. lrr

ordoг iio pгov(. thс sUпlmaЬilitY on any finitе Беgmеnt' lvс сovсr i1' wjth sсgmс]lts о{ iЪе
lоn$h l -.- If [с,rJ] ]s suсn a sоgtn€iLt, thсn 1|(4 = |'(I+а с) + l(. _a)' ч,lrсrс
:l+o_.€Iа'Ь], I с k,d]. Heлсе 1'is Ьounded arLd srrrшrLaЬte оn [с'd],.Гhus /.is
Ьoundсd ол аnу Лnitс sеgment aпd' ltеnсе' is suпtnаЬlе on jt'

Noiv, pтove t}|e сo ],intjt! ol,tlLе f1nd'ion. Notiсe, oddncss of the |un(|lioл l:
I(0) = /.(0 r.0) = z. /i(0)';,е, !'(0) = 0;Л( J) = i'(0 c) = Л(0) 

'1J) 
= -Ilj.)'

J,c]' ,?' с R+.

] |;'(x)dm = l - |'(ltl),,Irll = _'[ Г(a)d,nI

J r,'(x)dn = ! r,.p: ауh1L = ! Г(I),]m Г\a)dm = lr'(т)dлl . ol(a). wlоr.t'

I F(l)сlm 1s a I,сЬсsguс intеgra1,

СoпLpаling thс fiЛst and thе seсoпсlеquаlities, lve oьtaiл j гal,- = а-Г(.L)12I'ф

t - o, ,Гhсn -(I".'D - 0, alrd hrlrrсe, ! Г(ad|n.0 (br.;!llsс of.)ьsoln1e фЛtinпit,\,

ot LeЬesgue inLоgtаJ)' Bпt ll'rlm'_ tI.dln Ildтп-a'F(I)l2 
а' l'(a)/2.|.hа'

iInРliсsсoniinuitуoI1heluпсtion:.,л(c)/2. llслсе, l.'is сonljilluous сvеrуwheг1r схссpt
0 (and hсnсс in 0), l

So' aп additive noлLineaт пrеа,srrт;t,ble l]rпсi]]on does not oхists, i\olv wс wil] prс,vе

tlrс eqlivаlсrrсс оf stlong ir[d wсak сonvеlity (сoПсavitv) 1Ьг rrlсasrrгaЬ]с iuпсtiоns.
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(.Гhis сon1,ains. ссltain1y, гesolt ot prоvious thеоIem.)

Thеoгem 5 hJеГ! mцs1faьIе uеalla сoпuс:t lun|:l'ion is s||onol! сo|11]е!,
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P|tooг. Lel, Л Ьe mеаsuтаЬiе. aid Л((J + y)/2) < (г(u ) + t''(y))/z (weak сonvех.
jty), цlс provc the fol]owing:lsseriions:

l.llvсl'y seg Lent сolltаi]Ls t! sIЬsegпlсnt' whсIс Л ;s ьounded.
2. If thсге ехist suЬsеgпсnts iio 1hс light а'Ild to l,hс lсft ofpoint ..о. whеlс ]r is

Ьorrndcd' l,hсrr / is сonlinuots;n lг0.

Rеmaгk (on mеasuraЬility) Mса^suгаЬi]ity is lequilсd only in thс 1]гst irsseltlоn.
Pliooг' Nоw provс thс firsl, ir,sseтtion, I,]хamine :rтl аrьitг:Lгу sсgnlсn1. цii1hon1

loss oIgсnеrаlitу' rve п]av сoflsidсl its пlсаstlс to ьс с(lual to 1. l,i]] i' r-'(п,+.с)'
Еvidсntly. n'+r с /l'. and m/'' - 0(n - 1-1- If lJ is unЬorrndсd :rЬovсr on .lvеrl
suьscgпent' t]lrxl (]vсIу А'. is сvегуlvhстс densс' Takе n : rn^,' < 1l:|' СЬoоsс a 6 i..*1
Л{]aт tЬс сепtеr of thс sсgmсnt (so tlai l'hс disl;!n(]e Ьсllvl'сll .i aпd thс .спlсr is nol
grсirtr|. than 0,t), г(t) < /l ilnрliсs l12. J _/l) >n+2'snlсе 1''(I)+ l.'(2'x -a)>
2' l)(а) > (n + L) 2, ll.ltсгсlЬтс 1с 

^,, 
+ (2.r, - a) € l,'12' ,l.hus thс imagс

oг thс сompjrmепtj Ьсiпg ol пLсаsLrlе glеatсl, lhaл 2/3, undeг 1hс Lon|таl sуrnmсt.v
1ГаIIsl(,rrfl.liion is сntЬсddцl il ,1...:' |х'iпв otmсasUге smа]lсr' thа,n 1/:], lIowоvеr' lrк.
lllсasureo{thc:.losl,''РilгtсouIdnotЬс8rеаtсГ1hаn0,1,.|hisisaсопlradktioл, Ilenс€,
/j is llorrndоd aЬovc on a соIl'.\i1l suЬsс.qlnсnt. Lot r Ьс lhе сеniсг oГ this slrьsсgпlсln'

,J.hсn 
|oг all !] I|(,'J)>2'l'Ф) |i'2'1: _l) 2 2'1r(l).c' .I.hlls l.'is Ьoundсr]

l)оlo\r' oп i his segorml.
t,r\)vс tllc sссon(l аssсl1ioI|, Ргovс il Ьv сolltтadiсtioп, .l.hеn, 

1,hсrс lхis1s а sсЧuсnсо
x:n + 1:о1(> 0 : /,.(,.,.) _ r'(z6) >rlЬга|| ?i (f0 is аn inlсr;or poin] o1 1ho (lonаill oI
ttе{initiоп)' гurth.r.. /,'(:D'') ) /i(e) is rсqLlired. T1relсloгс, rve dlan8с t]lс sсqLtrnсс ].,.

1o 1lle s{]qllсnсс J;. ::гl' - ]i]'.. i| /.1J'')} г(о"), аnd zi =2.2:a-x:,. i{ l'(I,.) < r (т0)'
'ГIrсп' т,. . зlu аod I'(:.,') > г(з6) + r fot all l с N.

Notiсс, that 1(r + 2 . l) 1r(r+d) > 1i(u +.J) 1r(1) .l.lсгсlЬrс, iгwo пюvс Iгolll
t6 Ьv tl. thсn onс mоIс timс Ьv d аnd sо on' thrll ilnagс movсs at lс,rst Ьv (numЬсr
of movсs) (thе liгst stсp oГ inlirgе). Now rve rnove [Ioпl lx6 to оuт intсгvaL (whетс ,lr

Ь ьoundсd) with thо stсР x..'t0' We сi!п makс 1he strp d аs sпlаlll ils w() want iol
lLolding thr first s1eР о| ima!]e 8гоаtсr thсn €; thсrеfolc, rvhеn wс r.сaсh 1hс intегvi1l,
the vа]tc сalt beсо]ne аs 8rеa1 а,s wо \!:!Лt (sjnсc, thе jmilgс always пlovos at leаst bу
с). 1.hus' ?- сoutd not Ьс ьoundсd on tЬe intегval' This is a сontгadiсtion. l

.l'o сtа,ri|y thе геlаtioлs Ьetwеen tiс eхaпlinеd сlassos offunсtions, wе ргovе following

тheorem 6 Euer!] stronglу сon1Jеr lunction is conlinuous.

PtooЕ. l,et Л Ьс stтongly сonvех, т0 - a point оt its domain of definition' \Vе will
pтove' thа,t ,Е is Ьoundсd in a сегtain viсinitу oI z9. Take an aгЬitrary ( > 0' on thе
sеgmеnt (Jо_с,lo+.) wehave l''(t) ! rnaх{/r(16 с),Л(t6}.)}, Really, thсrе ехists
a с [0, ]] stlсh that



stronЕ; and weаk соnYсхifi,

J = o(cо €) i (l _ o)(lo + ()'

sUЬs1itxting to dеIiЛitioп oг stгong сonvoхjl!'' wе sсо l,|lаlj

r(I) s oц10 _.) + (r .I)/.(то +.)

and this imрlies dеsilеd inequality. IIenсс' Л is Ьoundсtl а,Ьovc' Thе ineqlаhty
l(о) } :l'{16) I|(2I|| r,) z 2lr(c6) _ sцР,г jmpliсs' that -г js ir]so Ьorrndеd lrоЬiv.
]]hls, lr is Ьouldеd atLd wеakly сoлveх on (с0 €' zо+с). Thus. bу tlс seсоnd irssстl,]on

oI thс thеoтеm 4, -.'is соntinuо s. l
Thus, on аt alьitта,ry jlt€rval wе hav(]:

mеаsuтaЬility + tleak сonveхitv<+stlong сoltvсхii"v
сопtinui1y + woali сoлvехitу<-st.оn8 сonvrхitv
We Ьavс pтovсd l,lre сqrrivalспсе of stгoog ;rnrl v.eаk сonvеxilv {oт шea.su|aьLlr huLс

t]ons. lIowсveг, it is imРossjь]e 1o p|ovс the ехistenсc of norl.mсnsuraЬlс scts (and'
llenсс, funсtiols) п'ithin 1Ъe framewol]r o{ lhe siаnd:rr.d lieorv oГ sеl,s' jt сoLLld Ьо

р|oved with the trсlр oГ thё aхioп о1.сhoiсе' and aссepting allol'lеr ахbш (illс lri0]]|
ol der,сminltion) it сorrld Ьс shorvn' thаt irl] sets аIi] пLeаsul.аЬte.

Dеfinition б Drлotе ?. = {/:N. N,} Lеt А.,1.
I]ха']niпe tllс fo]lowing gаlne| play(]r 1 dсIiпоs l(1)' p1.rусr 2 dcfinсs /(2)' aЛd sо oп.

The liгst рl.цсr wiпs' if the Ьuil1 sсquеnсс / с ,4; оtheтrvise thс sш]Фld p|avег \villl.
DeliЛe s] Jatо8у as a map o oг 1l|r sсt оГ {inil,(] sсquеllсes oГ natuга1 namЬсrs jllto the юl
o{nаh]Iа1numbеIs'i[on01smovinginaссor,(lаlссWit]lit r(n)=o(,|(D't(2),.',|'(n''
1)), гesrll]'s in a viсtoгу (тe8a'rdlсss оf thе тivit,l's aс1iotls),

Wr сal] а sel ,4 сtсtстmined, il tlLоrс схisls i! s1ra1'o8у for one ofthе рlaуcтs,
тlre axiom of dеtегmination L]verу sot ,4 с ?' is dеl'етпLilоd'

r\сссptjпg Lhе ахiоfll ol' drtеImina|ioll 
' 

wi] oЬtail|, that а.l] 1. sцЬsсts aге ш()аsu[abLс

(lreте rvс do пс't :rdduсо the рroоf o1 t};rt Iа,сt, sсс [2] l,.,т it). псnсc. stron8 irпd lvсak

сonvcхi1y aгс оquаl,

Supplement

in this сllаPtcI wс geneга]izе а сoпсорt o[
l^"U|.. аt.J| ,| lгU" IheJ| цтlIUdj .Ul'l'

tlrnсtion' whiсlL s1|оw jts ..insспsibilitу'''

Defilriтion 6 L,'| U / a.. |, l:ur,.'i'r
сonБtant o' iI Гoл al| z' y e R

lvсak соnvсхil'y aпd рIovо lihirt ?rll oL}ta,iлсd

рroрсrtiсs oI th.э вIарh ol 1lonl]лrаr r[(]djii\.с

1 : R - R is саLlcd rvсnklу сollvех witл it

rlЛ(lr) т (1 a)1,.(,),

l;' ; R , R is са']lсd wr:аklv сonveх wjtЪ а

a?r(т) + (t a)/:'(з)

Detinilioп 7 у^l U 1n |, l:'rr''.iot
rIЙstаnt .!, if foт all r' y e R

Г(Q! + (1 a)!!) <

Л(al + (t - a)y) )
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Theогem ? АiI Ihе Iас|s' pro|lеd lor Фе0k .юnDсIitу Тfе aLso LTuе loT laak coIп)еI,iIlI
1DII1 а сo11s|аnt a-

l.ltooг, Тhе theolсIlt сould Ье plovсd by tlc.rьsolute alla]o8y with 1he pгсviolls
ргooJis iпstеad ofthе fiсld Q, rve сопsidст its схtеnsion Q(o). It is сollпtaьlс аnd (сnsо
сverУwhеIе; thxs it has thо properl'iсs, геqujrl.d fгolt ihc Ьasiс liе1d iл thс аlrovс рrools.
I

цre'll nced som€ dеIinitions and i,hоoгr:ms for our ncх| геsuh' sсс [3] and [t] ror
dеtaiIs,
Deflnition 8 A sеt is said l'o Ье o{ th() liгsl сale8oгyl if itсФlld Ьс IсPгсsl|l]d Б а|
rпost сounraьlе tln;оn oг nowhсгe dеnsс s{rts.

Dеfinition 9 A sсt is s:],id 1(l havс |hс ]]aiге Pгоpc|l]', itjL сorr|d Ьс roргоsеniod s

1hс sуtпnol'r]с di{гeгenсе oГ an oреnсd set anll a sоt of 1hс lirst (al,свoгY'
Definitiotl 10 r,о[ Z С -\ x У..r с X, n.= {lсY |(l:'ц) € xх).} isса]1оdа
1л'ojсс1iоп оГ /i oл y ir]onя x, lrтоjссLiol on,Y is dсIinсd sirrri|rrllу'

Th€oтеm 8 (КuratowskiUlam) I,сt х ,\, bе toРolоqi(:ol ЬPu:сs п1u| I' . -{ х },, {
Е hоs lhс Ваirс,propt:||,у nп|] Ior dL r € X ftxcеpt, n,lаu lп, о, sr| о! lirsL са|,t|1от|) Ii'
|]ь |h. IirsI m|сao|у' tlftn Ii lшs lh. |o'Ft с.llсt1o1.!-

тlrеoleln 9 (гuьini) ,.l X.Y Ьс s1lltсt:s 1|ilh пtas\rc оnl I| С }.N \'- l.|'li ic
пtсаsuкLI'lс an|t 1or Ilnlоsl, а|! t с X 1|r su,lion I':' hl1s тn.filiuп, z||Io' Ill'rlL I.| |"]Ls

.Ihe Continuutn hypothesis (саtltоI) .Гhi!П] 
a.rс no iпtсгm()di.r,Lс сlrdij|.],|s t'с|\vссlL

(oп1illUцпl аnd thc Рolvсr (JI ir tollitaьLс sеt.
.I'lLс l.rst irssоr1ioll (]oоs nоt deрсЛd on l,Ьс sсt.thсo|сliс ахio]пs аnd (аn Ь() 1]!ro(r аs

l ltс individuа1 aхiotтt'

Tьeoгem 10 (pгopeгtiеs of thе 8laph of аn аdditivе nonlinеаr funсtiorr)
.Гlк'orпph ol оn оd'dili,lс пoпLпыr JiлlсtioтL has I'hc |o|h1l)inq pro?.тti|.s.

I' Il iЬ ntrуш|rc|'е tlепsе itl \L,; |no|'?, ils inl'ет'sес|iоn u)ilh ац| oLJ.|I(x] пoпсrl1l)!1l
\uьsеt is coт|liп\nl.

2' Il can bе oI nеаs1l'rе zеro аnd tllе.| 'st Un'е!]o|'у sin1|IIоI1сo1вIц,
3, Аssuming tllе |\Iidil'у oJ Ihе сoпli||uu1n hуPoth|.s1s it c\n b. oI |hс sссond саtе

qоr! аnd 11oI oI |Ircas1llt zе|| $,in11il,oпсo1rcLu (пnd morе' onу mcаs1IToьIс sul)sеI of ils
сoтnplетnетn UiIL bе oI n'сa+шr zero).

,|' If it is mецsurabLе' il' is o! mсasurе zе|o; iI it hоs Ihе BaiTс pTopеrtц, tlrcn it is
oJ thе frrltL саtеgorу '

PRooг, l, Ехаmillе а,n oрeпed .]t С R,; thеге ехists a гссtan8le /, = [a'Цxk''d] .
,4' and l- is not Ьounded on |с' 6] (ot]rегw;se' as it was ргoved' Л is linсaт); if /] doеs
not сonlain сoniinuum gгaph pointsl thетс aIe сontinUum of them aЬove D oг Ьеlow D.
Without loss of generalitу, rvе may сonsider, that theгс aге сon1inuum оf them aЬove
D.
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I,rovе that Ьеk]м'1hете is a]sо a ссllaiп poin1 oг thс grirph lr'0, li thс|с isn't suсh

рoint' -1..is Ьolrnсlсd Ьc]olv оп io,l]. Itслсс ?r js Ьounded aЬovе on I l'-a] (siпсe
1( э) = 1(z))аndr'isЬorrldediйovеoп[a,Dl (siпсe /r(l) = l'(x-а'-b)+!'(а+ь)
апd ll o 6€I-6' a] whenтс[a'i,]) сoлiг.\diсiion.

lГ G(о) is аbovо D, thrn C(a. x + (1 с!) . .,a) с D (".heте G(t) is a Point o1 1lс
gтaph rvith aЬsсisstl l) at ?r сеrtain o € Q' Цlс са,n rnаkс (jontinnnm пlсh раjгs (l.l;'l.
|].hпs' G г -IJ is r:olItirruаl (C gгaрlt)' а,nd henсс, C г] ,4 is alsо сolrtinxal.

z, Lеt {с"} Ье а Harne1 Ьirsis. :l.o dсIinс l.' rvе сал defilс its alЬi1тalу vа|Uсs orr

{e"]. set all thе \,alues to ьe таtionа1 (presсгviлg nonlinearitv)' lГhсп' G is сс,лtаinсd
in л. r/, [iat. oЬl.ionslv, is of тnсastте zеro ilnd {irst с;!tc8oгy.

3. ]lu;Id a nопlinear аdditive lrrnсtioп) whose 8r;rрh jnlrгsсxl,s with evrr!. (;..sd: oj

thе seсond саtoвоry iл /i,. 1.Ъел it is 01 lhe sссond с:Lt()goГv. siпсс 1hс сomРIem(nt оt

а set of1hс first сatевolY сontаiпs аn evelywЪeгe dcnsr Cl sеt oг1lc seсond сategorl')'
T]rrл'e aIо сontinuUm 01'oРеnеd sets, lLe сe'tlcгс ar.с сonlinturn oГ.;j-s01is. l]y 1Ъс

сontiluuш hvРothеsis, theУ соll]d Ьc tоta]ly отdсrеd' so tlilt с!.L]Iу initjаl sсgшcltl is

Ьо сolntaЬ]с. Lеt {,ri.,] Ье tllis or.]eгing, 'lЪ ЬrLjtd dеsiгсd li i1,s snlпсiсnt to ьrLild

а ьаsjs R over Q {с"} with set f.иll сs on il. srtсh t]Ll[ G(с.) € l..'. Build it Ьy

tгaЛslillite induсl,jorl, snpposo, thai rvе havе {сB . B < "} 
- a lillсаr indсрoпdсnl.

syslсnr in /t ovеI Q (it is srlf]iсient Ior it' that гor а.lt l < a {е' : i <,|lJ is liltоат|1'

indepen.lс]ll), a]td G(e,з) € 1iр, ,I.he projeсtioп ii^ оrrto thс aхjs х is 1ro1 сoUnlaЬ]с,
siпсс Z.' is oI the scсoлd сatеgory; and sp,'n{еp : B < a} is сorultаЬle {hetс spalt ts

lilc:lт tlovеl); lhеIеI,oIо we са,n сhoоsc e. .. -.t, that is сontаined il] thc plojo(]tioп. l}ui] ls

l|ot сoltainеd in spo,п\с1\. sсt l. valuс on '" Ьу the g.Pгojeсt]oл o{,Lhс сorrсsРondin8

рoiпt .', Thсn, (|(е") € Е" a {еp : B ( o} Js liпeаtl"v indсpendсnt, ThL1s, wс

oЬtain a ]inеallr. indсpсndеlt veсtоI sуstcm in ,. ovеr Q wilh se1 vа]lrеs, сoпРLсtin8
thс Ьasis. we oьtain the desjled fuпсtion, вy aila1ogy вjth 1lе aьovс, ihс stаt{rmoпt

|оl nlеaslrте сotld |)с provсd. TЬе сlass oI с|osсd sеls шith posiljvc rnea'sure Л]' (sпсlt

sе1 is сorrtа,inod irr anу mсasurablс sсt with posilivс пLсasuгс) сoLrlrl Ьс сonsitiстtх] аs

thе сoттespoIrding rlass oIs€ts. lt is сontjnllaI, aпd proj()сtiol о|evоrу i1s сlспlеtlt oll1o

lhс aхjs х is пrrсotlntаЬlе,
To Ьrrild 1r rvitl Ьo1h plopeГ1iiсs \{'е сап siпLр1у сnoоso on еvеry slеp Lwo vcс1ols €{,

апd e," suсh that C(с.") € Е", (](.,,,) r u," anc' \co: B 3 a} l'l \с,.: /] l a} is lilr:;rгlv
inс]epе]tdorl1'.

4' ].hеsе t!сts сoukt Ье oЬviortsLу provеd Ьу t,he li\lЬini thсolсln .lnd thе I{uгato$.s|ti'
l]laln tllсol'eln rеsl}cсti\'ely. l
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Unifoтmly Distributed Sequеnсes

S. Egoтov

Important theorems оn uniform dЪtгiЬution

Сonsideгasеquenсeu*Withaсountег,4([,'Ц)(0<a<D<1)'оqua.1 to the qtanti1у
of e1еments ofth€ sequслсe f}(1 < A < t), stсh that the сonditioп {r"} с {o'b) is truc
(where {о} iБ the flaсtioпаl рi!тt of c)'
Dеfinition 1 The sсqlrеnсe rд is сal1ed unilorrпIg d,istriьulе|] rnodпlo 1 (u'd mod 1),

if Ior а,ll o аnd b(0 < a < , < 1) thе fоllowing js true:

ti^ 
Аfu'ь)'") =ь. o (1)

obvioцslyl the folmul' (l; i,ii"ы ,.",ь" *o *".

шln 1'q.,6)({',.}) :0_o, (2)

whсте C1.'ц(o) is a funсtioп, ес1ual to 1 if э е [a' D)' otЬerlvьe - to 0'

тheoгem 1 The sеquеnсе x1 u'd morl 1 iJ аnd onlу ,iJ for аnу rеаL-"Jaluеd сoпInuous

Junсt,ion f(x) thе cond.ition

;чfrЁ;rt,"l,=/r.,'* (3)
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ia,1",;' - o,t = i id",".,".-,,1'vo.i '=0
The Daтbouх thеorеm implies' that foт а,nу сontiццous funсtion f(") and Ve > 0 theтe
eяБt suсh two step'funсtions Ф1(') and Ф,(J)' that fi(f) < /(G) < Ф,(e)on,[0' 1] and

I
l {ф,(r) _ Ф'(x))dl < с'
J

Then,

r I t-l- t-l-
llfu)dt_tЗ lElk)сIx , tjm ) Фr({'т'}) < lim:) /({с"})Sj" J

ra 11 ', ',!m_Гi(],*})( tjm ]Гo,(]rr})= lфы"B'< l |("\d,-,
" '-n-,",.,'', _ n_фn-, - . J - _J"

I,et € + 0. wе hа,ve

SuIfiсiепсy:
Assume the сolrесtпсss оf (3) for aпy сoпtinuoos funсtion. Consideт C1,'') whетe [a,6) с
[0'1). In thъ саse, Ve > 0 there exist two сontinuous funсtions 91(о) and 9,(:г) suсh
thа,t 91(:;) l Cр'ц(с) ! gz(e)on[0;1l аnd

t, . ,

-| 
(э{'\ _ зJt)\dl < t.

Then,

rI
lс1"^1'1а' сЗ lgtk)dr= lim 'Г91({Jt}) < Ljm 

,Гс.0)({".!})<
: J' "_-n7r--" --"7_ '--' .

о0

i1 i1 I I
l]m :Гсl".''({c}}) ! lim . )-9,({тд})= l qz\)h З l c1"'ф{;-1a'1tn-6n|- .,. n_фn|- J J

],et . ' 0. Thus, we oьtain:

t^ .,
J cb.u\1']ta" . 

"ri*; I q,,,,({."rt )

sinсe this eхртession's i6 tгue fol all [o'0) с [0,l) the sequeпсе с' is rrnifoтmly diв.
tfiьutеd moddo': .



Coгollary |.1 А sеquencе |x"} ts untJormlу d,istriьutеd modulo I' if аnd, oпIg if for
сInE сomplеTuahlеd cont,inuous Junсtion J @) , dеftnеd' on R uith а pеriorL I 

' 
thе folloulinq

is truе:

Шm

Ptooг. I{aving applird tiс theotem 1 to Iеal and imagjnаJy pafis of l, we oЬtain
that (3) js tтue foг сompleх valued fцnсtioдs. Sinсе lЦ""}) = J(."")' we оЬtah (4).
To pтove sufIiсienсУ, we lotiсe that jn tie seсo d pаjt of thе pгoof of the thеolеп 1'
the lunсtions I11 and 92 m?\у Ьe сЪosen so tha1 the followin8 а,dditionа.l сondiiilrпs irтe

true: 91(0) = 91(l) 9,(0) = 9,(1). Thеn, (4) maу ьe app]jеd to the peтiodiс cхtensioпs
of gl and g? to R. tr

тhеoгem 2 (Weil сгiterion) The sеquеncе \x"l u'd mod 1 iJ аnl1' on|у il

V,ь€z\{Oi. rj* 1i.-*"- =0 (5).. "__ " i1
PRooг' Neсessjty oЬv.iously follоws Ilonr the рrrvious сoтollaly. Now we PIovе

sufiсiеnсу, i.е. that (5) implies the сoлreсtnсss оf (4) {oт а,nу соrnpleх valued соntin]rоus
funсtiоn wilh period 1. Aссoтding to thе Weier'stiass theolem VЕ > 0 thеIr еxists
suсh a flnite ljnear сomЬinatioп oI {rrnсtioлs ","'h' (h с z) (dеnotе it as ф(o))' that
sup |/(с) ф(т)| < €' That implies:

64

Sjnсe с + 0 and n + оо, we hа,vr:

,}
с- | !' tla'r - tjm _'/t./t)

I " -,,,,

Uпiforпrly distriЬuted sequenсes

l.

|i',o* 
-*!л*l|. 

|itл,l-'t'll*| 
-|i rav' _*Ё*r.,l|*

*|;Ё(ф(,,) л,-l| <,.* ji,,r,l,,_ *fr,r,-l|

|/n,,, 
_ ;* *!;r,-l] = о -.*

\4)

That pтоves thе
Eхamplе. I,еt

P &oo г,

staternent оf thе theoтem.
, ьe an iпаtional nuфЬeт' Thеn {nc} u.d nrod

l. n 1l ,2tthnr 11
l] l. "kl,Itl _:|.,"й"" -.|-
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'l^2",rn, ,l I

- lll -'r. 
- 

'
n|е1-I''_ il- "'e'й. 

, I

Silсe с is an iггationаl numьeт and thс dсnornilLatoт of thе last ftaсtioп is noлzelo
evетywhете' we obtain that thе ftaсtion tеnds to zeтo, as т} э cо' l

Quantitative сhaгaсteгistiс of unifoтm distriЬution

r\s is еа'sitу seeп, somе uniloтrпly distтibutcd sоquenсes aгe distгiьuted ..Ьеttст''' whilе
ot h r:гs - ..woтse'' 

' Inlтodu се a quanlil аttive сhilraсtcгis1iс of deflcсtio n оf t h e d istli Ь ut iol
of fiгst n сlemеnis oГ a sequenсe Iгoпr thе uлiloгm oпе'

Definition2l,et{сt,...,Е"}ьеafinitеleа]-vаluedscqtrenсe. 1.hen, the numЬсг

D;\rr,...,x^)= "uo 
a([o'-");n) -o (6)

"€(d'Ц n

is сalled liс def|е'ctillg o| tьe sеqlenсc ie1, с,,, ',, c"} (х с |0' 1) and n tс N rneaning
is thr saпre а,s in thс dсlinition oI i! uni{ormly disl,гiЬrrted seqrrenсс),

тheoгеm 3 Thе sеt1зrcncе $',} l,tr nюd 1 iJ and onlу iJ

liпL ,; = 0 (7)

Р!roo!.. гiгst pтovе su{tсienсy' Let tim Di = 0' In this сasе

v., e tо. r;.lь' /([0.9).n) . ,.

thаt imрlies

Vo.6F.0. l;(o < t1.tirnЦI".в\in) p-o

Thus the seqцепсe is u.d mod 1.

Now pгove neсеssity: lf a sequепсe is t'd mod 1, thсn, aссordin8 to the definitjоn'
we obtain

vaс1о,t1 : 

"tim 
4Щ9}9 o=o.

нenсe' JlL Di = 0' The theoтem is pтoved- l

тheorem 4 Giuеn n rеаI numbеrв (0 3ц Зaz {..' ! с" < |). Then'

/ itt ;-rl\ r | 2i-tl
D] -'mа;mах(|"' -"I'|"_;|J=,l дц|r'_f| (8)
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РRoor. тo sinp]jfy designations, we dеnotе,o = 0,,"+l = 1- lп l,his са,sr

0<'Ч,,..ж.-'l*_"l= o.o?i -"-(]*_,'l'i;_.*,D .',

Assume, that x:i < xi+| = , . , = al+, ,1 iгi+'+1' Then

t:-i llr-itt \vrrrs/<.).*l_/ ".1,]_j _.,,, 
1) 

.
l\i+t I't'. \maхl -J'|']' r'|. l1tD

/ tl; il;+1 l\ /t+r llt+r+l l\\
':]J-х\|''aхl"_,'| l" 

_J'F.|/.mа-\\ 
" 

_.'''].] , _,,|.''J)
II0 = x]i+1 :.'.=ai+.< о'+r+r'uehаve:

ll;+.1- j \Vil1< i < r] 'mахJ:--f. \, ^, I , ",", 1=
li+," | /li"r li'rr-l l\|- -т'''|<<maxl _...'' 

'| 
_rr.r IjI n | \] n | о /

Thus, We may omit the сondition 0j < сi+1 in the frst mах ot thе lormuJa (9). Then

t,i t, l\ | i l; I l\D:= mах|||ахll _J _т..'|l тах ''lа-t| _л'1 |=\ra l) l'11 '*\,-'' , -"1)
1l2il
' + lnaх |".. _ -zn -<i<a

Thtrt pтove6 the theolenr. I
Now соnsideI thс pтасtiсal mathod оf стеatin8 seqrrеnсеs with sпLa]l dеviatio .

Defirrition 3 A segment [#,тЬ),wьe.e j =1'2'.'''2^ 1. m= 1,2,''.is сa]]ed

tllе Ь,inаrу sеomеnt |^i '

Dеfinition 4 
^ 

sёL o| 2, numЬers тr (0 5! 11 < 1) is с'lеd 
'йe 

По-nеt, if аnd o lу iг
eveтy Ьinа,гу segmrnt l,i сontains a numьel flom that sеt.
Dеfinition 5 A sequenсе {'"} js саЛеd thе LPia-sеquеnсе' iI аnd оntу iI eveтy its
Ьinilly pа-гt is thе Пo.nеt whсle the Ьinaтy pа,lt of a Б€qrlenсe is the se1 o' suсh its
elеments сi, that lor еi!сh 0i, thстс eхist &,s с N' suсh that ,t'2, < 

' 
< (* + 1),2",

R.еmaгk ltepтesenting i in the binа,тy folm u = ,;,;-; ' , ,u;,;u;u;-; . . .u;, We oЬljelin

that foг а,1l "l of a ьinaтy рaтt, the numЬeтs aте n-хed (hсrс and fuтthст an
ovel.line meаns, tlat :L nurnьеr is тсpтesented in the birraгу {oтпl).
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Theorem 5 LeI {x"\ bе а LPig-sequеnce. Thеn, Jor the dеllio,tion D' ol thе Jirst N
nurnlrcт's o,| thаt sequеnce, the JolloФi,ng is tтuе:

D'(с0,.. ',0N.1) <;
шhеre r i's Ihe numьer oJ onеs in thе ьiпarу form oI Ihе n.Imbеf N.

PRooЕ. lve rерrcsсnt 1{ iit the fo]]owing fогm: JV = 2',+-..+2ц' whlэr€ 2r >
у2 > . .. > у. > 0' Wе sеleсt r biлаry раIis of tье sеquеnсe:

0 < i < 2".,2'' < i < 2", + 2'" ;... t2', + ... + 2'-' < i < N

tvhегe еaсh is thе llg.nсt (sinсe {o,,} is thе LPi6.sсquопсe). lioг all tЬсsе nеts D-(j) S *
(siiсe ,40)([0;.r),2,') - z,Ja| 3 1)), As

TЬus, foг LРй sequenсes ,D. = o(чд)' i.e. LPl'6-sequenссs hаve oп1у a srrrall
dсviаtion аnd а,rir uniIoгmly dis1гiЬutц] veгy weli (Lhe sеquсnсes With," = "(Y) -"
лot 1bUnd yet, tho[gh it wasп'l, proven, thа,t thеy do not ехist). Norv' wс investigаtc
the q сstion оf Ьu]1ding aп LPф.sеquспсс,

гiтst We introduсe thе notation 1'or the ..eхсlusivе or,' ореIatjo . We dеnote it ьy

Considеr now thс сonсept o{ tsinaтy.DistriЬutеd sеqrrerLсеs (BD.sеquсnссs)- Take
an а,гЬitrа,ry sеquеnсe {У,} of Ьinа,гy тational numьeтs. We сall thс сloments oI that
sеquenсe the djrесtion nurnЬсrs'
Dеflnition 6 Consideг a sеquenсe {r;}, Ьuilt, aссoгding to the fo11owillg гulе: if
i = т;.; | ' ...;ёт' thеn r; = e1VI xoг e,y, хoг ... хoI rпyn' Thс seqrrenсe {r;}is
сaJled the BD-sеqшenсe with the diтeсlion numьels {y"}'

This dеfinition is еqujvalent to the follоlvin8:
a) г(0) = 0;,'(2,) = y,+1

b) if 2" < 
' 

< z"+t' thеn r(') = r(z')mтт(; _ 2")
Wa тepIesеnt и in the foтm oI Ьinaтy {тaсtiоns: И = 0рi',,,. ..r,,i 

-. 
.гпеn,

{y.} may ье dеfinсd аs the infinitе matIix ?,"j' whстc Ioт a,ll et€mеnts of that maIтж'
the following is tпre: ?'"j с {0; 1}. .l.he matliх o"j is сa,llеd the diгrсtioл matтiх of the
sequenсe {r; }.
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= с|c! '-''.c|n+t.nеa| |....|,2.I (r0)

Thеoгem 6 Ц thс dirеction тnaL|it v"'| .:orTеspondiЩ l'o lЬс BD-|cquе,ncе iF о louJеГ-

lriаng||аr ln(ILri!, (i.е, a'" = |, аn,rl u"1 = o Jaт ull j > s). Ih|s BD-.c|(luеnс| Ь а

PRooг. lЪko alL aгьitrar'у рaтt о[the BD srx;rreпсe' {т;i' oI lслgth 2 '.' ,I.]lell'

tlrc numbcr,s 0l rltс с]е].llclLl,s oг l,lLal] ьinarу ра1li саn be reр]'eseпted as:

lvhoтe с,.'сu-1',,, 'с,'*1 а,rс Iiхсd, and e-с''._r '. 'ezеl ar.е:lr.Ьjtгaгv,
1Ъkе rroт an аrЬitтrrтv Ьiпarv sеgmеnt l = |"11'; oГiсп3lh 2-'',. In t1rе Ьinarу sуstell,
ihat segшeni is dсfiлed Ьy thс rollowjng inсquation:

0'o o, '''o- a,, t0,.,'o,,,,U._0'U.-nт
.rvhеrс rr; а,rс fiхed. It should Ье рi'oven, thаt 1ъI all sets сr'сr] t]lrrc схists suсh а

numЬет i jn thс sex of lxml)ells, satistуing tho equаtion 10. t]tat fl € l,
.tb 

Pтovo l,lLаt, wc тcp].escn1' fl in thr ЬinаIv foтm: r', = п'a',[./i.qг, then'

i = 0,сpе|-| . ..е,е| ITl\ js a, I]D sёquсnсe' ihс Гollolving is tIL1е:

0i j = с 1D 1 ]хof е,|,jхol.'' хoг.]д oдi

.the сoлdition ri € l is eqiljvа]ent to thс сolldition gij = аj'-,.'s l = l' 2'...и, аnd t.hс

сonditiolL of ЬdоrLgiлg oгi to thс Ьinary Pат1 10rrteans,thate,=еj'?\s1=11I+1.''''р''
]]hus.8lanting thi] PIoPсrtiоs oIthe oрelatioп ..хоl.'' \\'e oЬttiп thс lollot'i1lg sr"stе|ll

e11)r,хоr', . . xoге,л ?ni = ajхoгс,l+rl)m+l jхol.,,, xol.]l?il] (1 <'i s'n,)

]л ассoлdaлr:е wi]h tlте сond]i,ions oТ thr theolепl 1hс aЬovс syslс is tr'ial|gulaг :|ld
tЬе sоhLtions lтlaУ Ьс сollsеquеЛtlу found. ,1.1|z!t plo\,rs thе thсorсгrl, .

T]rus, 1he siпlpIс wav of Ьuildiпg l,he LPй s€q!сli.es is J'ound,

Numеriсal intеgratiorr

I,et {r'.} Ье а reil] vаluсd seqllсnсc u,d mod 1' lп tbis са,sо 1'oI:rny lt.iсrnann jntсgгaЬ|e

fuDсtion on [t]' 1) the |o1|оtving еquаl]i-t- is troе:

lJ '),r', , |i,.Г"rLt,""t;.1 ,_":,"

('t.his assсr1ion rniц be provсd Ьу сornPlсte irпaiogr. lvith the 1llсoreln l)- 'l.lt]s Ioг-

пruia lrrау Ьe trs()(i foг аppтoхimation oГ thс intogrа| J /(.)dI, 
.| h. а.]vanta8. ol l,his

metlrod (\loлtс.Cа'r]o mеl,hod) in с.Jmpalison lvith quadratuгe ]nоthoсls is in nЬsellс€'

o{ any сonditions' iпрosed o 1he tunсtion f' ехссрl, iлtсglаьi]iiy' ivh]]е 1'he quм|аtllrс
rnеt1rorls di:rn:inсl сolltinuitу' dijтelentiа,Ьi]itу еl,с.

]]stimаtе пoq, аn clГo| of tlis metlrоd.
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Lemma 6.1 Giaеn 0 < ц < 12 <'.. <'^ < 1 - n points o,пd l (c) - а finitе lатiаtion
lцnсtion on |0'|]. Thеn'
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tt
l; rr,,r - 7 !\t\dtl < vttt D:

ol

( 11)

IIsing AЬсl's surnming Гormul:L wс oЬtain:

r |:= t-l:
- /(t) I I(l)dr | (: ) "r(,r,,)) /(l)=:; tkr) - | I(t)itI n:- nt- l

Thс lсrnпt;r is pгоvсd.

тheoтem 7 Giuеn l - а,|uпсtiоn \D'ilh а '[iтli|е 1)а|'iаtion V(l) on I0' |] and n poйL!'s -

zl 
'.,. '

(12)

l,пooг. wiLhout ioss of genегaLil,у lvе maу сonsidег 11 ! 0, < ... < ','. Tllen' Ьy

tllо рrevious lсmmа wе Ьavе:

|:ilou - i'u,, = 
Ё| i'|, *|,,.',] 

=

Ё l 1 
.* ф, 

_ 
*] , l"*' 

_ 
}|) 

,rr,l| 
=

<Г
t-

l D:dJo\< лi D |/(,**') _ J(aь)| < o1v(J)
:' ь=a

I
Thе desсriЬed аьove method of the estjшation of ал еIIoI is сoпeсt only for Iunс.

tiolrs witь a inite vai]iition, wltile the Мoпte.сaтlo пretьod is сoпeсt fol аll Riemanп
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inte8тaьlе |unсtions' Мolеovel' some ртoЬlems йth €stjtLаtion of thе varjation и(/)
may aтise. l.hсrеIore we аdduсе а"nothФ method oI l'ie rstirnаtion o[ аl1 стroI in tстms
oг the ртoьа,ьility th€ory' Сonsidеr a тandorn sequenсе as {z"}' tInitoгln distliЬutioл o1

this sequenсе nrсалs that its distтiЬution funсtion js сonstant, Intlod!сe the fo]1оWj]lц
notа'tion:

. = 1; rr"_l I = ! J@)rta

Ass umс the squaтe inteefaьility оf /(c) on [0, 1]- Thelr, the variаnс€ of /("l ) ь f(J (o] -'

J),dт, whrгe J = [ f(x)dc is its natheпLatiса,l ехpeсtа,tjon. }-тom the proЬaЬil1у

thеоry' it is t'е]1 lrnown. that the mean squaле deviа,tion of 1; is eqпj.l to й. wheтe
o, is thс varianсe. In this сase it сotld Ье еasjly shown, that at stf{iсienlty Ьig n, thе
pтoЬability of ./ inсlusion fu the intеrvаl U; - 

^*,I; 
+ 

^k) 
is approхimatеty еqual

to 2Ф()) _ 1, wheтe Ф()) is a noтmalizеd funсtion of the noтma1 distгiЬution.
Thus, the Monte сallo тnethod a]so hа,s some seтious dеmerits:

a) I-I; = О (1уБ) 
'whiiс 

everr in the method oI тeсtа,ngles ihe а,рproХimаtion сIIoI
ьo(*) 

'Ь) the ьoondаIies oт eтIoтs aIе delеrminеd wiih a ссrtа.jn pтoЬaЬiljty (not eхaсt]y)' с)

ртa,сtiс?JlУ wе dеal with psеudоrandom sequenсes'
Cоnsideт an сxample of a funсtion, 6uсh that the Моllte CaI]o method is morе

е1тесtiv€ than thе metnod of тесtа,ngles. .Iakе

|" l,, l,/x!2n.1. nеZa\",=\ zn_._', oll+l. г\ 2n!2, n|1t -" - ", -"
{t сodd Ье easily shown, that l(о) is сontinuous cvеrywhcre anсL dJffer€ntiaЬlе nowhele.

п*ow !vо ind an apртoхimate vа,lue o{the integтal j/(о)lт using thе method oI

тoсian8Lrsl paтtitioning [0' t] on ц. palts wlrеIе m € N,

ф(цr '),

q(nat ^) - a-^ =

Л.)= Ё (;)

4. ф,a\t
- ...гг l j] olл.зt-^l 4-.__4-.Гг{:]ЦЦ\1l Цu\А!

-,!,rl a^ ' , \
= 4.- Г I: ] l4t Г n4A-п 14t lЦ\ll | 9 Ir.=o-\i=o-/

+f,a^ t^
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t ^4^-o(4=ц--Гз}1ц :,^
:l
2J

1

2

o + r)

,:^-^ _ь^-^ =

='(' - o*')
Tire eха,сt vа,]ue of this in1egгal is equa,l to:

II |( t\dз =t'

llсrrсс t1re vаlrrc оl tlrс еггoт is

ar-

I,еt n = 4^. Iп this сasс

' _l :lnr31|в'.__.!1з1,ll".'' _^,=i- ц.\o) =; l'\,,
I 3J I 3 ',"-.,'t''""'=;'zn--

^s 
l} is su{Iiсieпtlу big' thе Iiгst tегm is small and

A.'!л h, 
\ |n4 )

Hсnсe' whеn thе сhoiсе of tho qtantity ot pir,гtitioning Рoiп1s is so unsuссess{ul, thс dс

8гсe of aPproximаtkп is aЬout ?,-0',l 
' 
while the degгee оf apprохimation o{ the Montе

caгlo method is n o'5, I[еnсс for srrЬstantiа,lly nonsmooth гUпсtions (that сhange thеlr
villues si8lifiсanl]y on рartitioning se8ments) thr Monte.Са,гlo method сan Ьe moтe
efгесtivr than quadта,tuге onе6.
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М. кorldratjev

Meаsur'e aпd Сategoгy

M' Kondтatjev

Introduсtiorr

This papсr is dсvot€d thс theorУ ot LeЬеsgtс тneasuгe .шtd Baire сatеЕloгу of sets as

псthod to Pтovс tlLeотems of eхistcnсe, Thе eхistеnсe ofa nrа,thеm.r,tiсa1 oЬicсt With
somе prоPсrtУ is rllal)aged to plovc demonstrj,ting tha1 the srt of oЬjeсts not having the
pr€srrjЬеd рlop(!гtiсs is in soпс s€]nsе ..srna]l''. Therе aтe maпy сonсеpts oГ..snrаJlпсss..,
Two оI th.тrr at': сoлsideгe<l in .lеtails h''г.: zcтo TeЬesg'lc Мeаsu.4 аi'l |!аit''.s 1]гs1

сalеgoгy.
In thс fiгst pа,гt !vе dea] wil,h Рlinсiрal сollссpts of mсas1]гe aЛd сa1ё8olу jn Dn-

с|idсan, metгjс and topo]ogiсal spaсеs. Thc simi]aritjes а, d distinсtions Ьetwren the
сlassсs oГ sets ат<l disс1lБ6сd in thс sссond palt. Thеse are sёl,s otmеasulе zстo алd slэts

of first с.rtegoly. Thejl Propсгties aгe еstaЬlishеd therе and the ехamp]сs arс givtп.
тhe thjld рa,rt of thс PaрeI is dеvotеd adduсing some exirmpJes рroving thеoгсIns of
eхistenсе Ьу mсаns oГ mсasurc and сatеgoгy. Thе pтoЬlеms of сontinuity (first сlass

IlLnсtions' intс8raЬility). diffстсntiaЬility (nondiffeтentiable evrтywhere Iunсtions), mea
sur.aЬilil,у of luпсtions' eс1uivatenсe of any sеt of Iiтst сategoгу to a set o[ nrсasule zeгo
aтс сonsideтеd, A11 thеse еxamрlеs pгovide versa,tile dсmonstlation of apрliсatioп of
пrсasurс and сateвory to Рrovе thеoтеms of eхistсnсe.

Measure and сategoгy: main сorrсepts and theorems

Io what follows We suppose aLL thс pгoрeтtjеs oI Т'еЬеsguе measuге ?!те knowп and we

intгoduсe оnlу {ollowing dеfinition:
Deffnition 1 A sеl,,4 с R" is thе sеt oI Lеьеsguе measurе zеro, \| |oт any. > 0 suсh

a sequсnсе of intrша,ls {1"}, that A с U1" and Ё l" < e "*ьь'
сonсept of сategor} we statI1ie followiтrg:

А is dеnsе jn th€ intеrva,l 1, if it has nonempty jnteгsссtion with
(vI1 С L IIГ|А+Ф).

.4 is norvhетe deлsе, if it is not dense in any iпteгvа,],
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To introduс€
Dеfinition 2 A
eaсh subintегvа'i
Definition 3 A

thr
set
ofI

':t
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tt ь РоssiЬ1е 1jo jlll'IodLlсe tlvo dеfinitions. s,hjсh аIe equj\.alсn| to DеIinjtjon ;J' aпd

t|оqllеre dе1l,sq if its {]ornp]оmсnt ,4, сoпtаirrs a dсtrsс oрсn
ц.i|| Ьс usс.] 1arст о]l,

Deflnitiоn 4 -\ sct,4 is

Dеfinition 5 A sсt /1 is
lГ]le сlаs6 oг nоivhотo

TЬеoгenl 1 
^nу 

s1lbsеt
numbсr о! nouhетс с|'ensе

is nоl rcrе dеnse,

noulhcrе dсnse,\| i|s с]o6пr'e А hш 1Io jntс|!a] рoiпts,
dелsc sсtБ is с]osed undег some оPrгаtiоns:

oJ nошhеrс dcnsе scl' is no|1lhсrc dе,nsе- Thс mio11 оJ |in,i|,е

sеIs is |юulr,е dеnsе- T}rc comPlеIio]1 oJ no'xlftrе d(|Ь. s.:!'

lГЬe ртoof of tlis theoгеm is oьv]orls,
.r\ dсnumeraЬlс ullion oI orvleтс dсnsс sеi сап Ье' 8елеГa !: sрсlkiЛ8, nоt пowilоitl

densе oie: it са'n Ьс сvсn dеnsс oле' Гor eхaтnplс, thс sсt ofralioпat Pоiпl,s js dсllsс ill
R, Ьrrt it is rlrrion of drпumeiaЬle ntmbст of ponlts) еасh ot thоrn is iowhотr dсnsе sct

in R, 1Iolvevег, it, is uselirl to jntroсluсe {o1lorvilg dоIirritions.
Deflnition 6 lf a srt {:аn ьe rоpresrntсd of uniоrr of аt olоst сoll tаЬjo ЛumЬсI oJ,

lоrv]rсrс dсдsс sсts, it is lhс 5e| oI li|st catеgor|r,

Dеfinition ? A sеt whiсh ]s no1 thс set of ЛIst саte8oту \s thе sсt o!' sесond allс-!|о|'у,

1'ho IoJlorving t]]colems ;rгс tгUс folthеse сlilsses о{sots:

тhеoтem 2 (вairе thеoгеm aьоut саte8oly) Co1nplеmеnt o| а1щ s.t oJ Jirst в11,-

cgoту is (lеr]'sе o1l.. h\t..rsсclioll o| aпу sеquеnсе oI dе,nsс оPеl1 sеts is dеnsс Ь(|I'

тhеoтеm 3 '11цJ Subsс| oJ a ьеt ol lirst сalе,qor]|

aI nюsl сountаьIе !аm'ilу oI ;еIs oJ Jirst cаtеaorу ts

ulso lhc sс! o.|Jirsl, cаtеgorу. I-ini'oll

Ihе sе| oJ 't'u'sl cxtеqaГу'

1.he l)roo| оf tЬсorсr! i} is oЬvio|ts; рIoоIs of Ьoii s1;rt.rmonts Oг |hеoгсm 2 arс
silтlilаr, Lсt us Prove, {oг ех:rmРlе, tЪе first one|

P]iоoг, 1еt;1 = [.J 4" Ьe a гсplеsелtalion ,4 jrr l,he Iorm oГ dеnurneraЬlt: rl oл оГ

nс'rvlLоrс derrsе sоl,s, Fъf arЬitтarу int€rvаl / lvс сhoоsс tЪе illtеrva] Д С /\.,ll' l,е|
js а sсgпк]n|: 1? С l\;, аnd etс. 'l.hсл fl,r'. -is nollепpty s ьsel of sсl, -l\,4' lt0nrc'

is rlсnsс' l
Il Гllllorvs IrоnL ihёorсm 2 thal, аnу ]ntеrvrl js sеt oг scсoпd сirl,оgoгy,

-r\Ьoтс wtl deаlt onlу lvith F]uсlidсaл spa,сеs. BllL 1lLс сollсср1 о| сalсgoГv is toPоlog

ir:аl onе; if intеrvals in olг dеfinitiorrь rqllaсс ьу oPсlL nlrnсlnpty sel,s, lvtl rr,ill intгotltlс:
thс Фrlсеpt o| сatс8lrrу ilr arЬitlaгУ topolo8jсa1 spaсе' rrnrt' oЬr.iоrls|у. Тhr:orспL l алd

3 renain t.llс thоrе. Thc I]:rilс theoгеlп is сoIIссt undеr ссгiai]l с{rllditiol|s: ilа sРi,(tr,

is сoшplсl,e Ine1'ri( sPaсеl tl]alj is, i{ it is hoпLеoruоrрhiс to spaсe, whе],(] ir,rly Cjапсhy

sсquсnсеs сoлvl}|gс, 1.hus, the 1ol1owjng 1heorоm is vаlid.

тhеоIеm 4 rJ'$,p) Ь а (oj|ц'lеLе mеtrNс spnсе оnrl А rc n s.t o! 1iГ5| с|]]сaorц iп х
thеп X\'А r|cnst iп X .

L
А
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Pпooг' ],et .1 = U /"' wheгс .4' аle пowhоre dense sels' аnd ]d so js i1 nonсmpty

opсn sct, Lсt сhоosе thе sсquеnсс .9'. oI Ьa11s with таdii г" < 1/n so, thal ,s; с
.'" l\А"(,л 2 1). It ]s possiЬlс to mаkс steр Ьу sieP' сhоosing s',, аs bа]] of suffiсiсntiv
srпi l гadius witlL ссiltте J', € 5; ] \ А" (jt is пot еmр|У' Ьeсaцsе А" arс owhек' dсnse).
.гhrn 

{J'.} is Canсhy sequсnсе, Ьeсаusc

p(t''ll]j)< p(1''J") + p(ц,x1) < 2т,, |оr Vi,j ) n.

IIеlrсс. ]ll, € Х: t,. * з:. so thаt,' € 3,, iъ. ;2 "' lLli{| r € П',. С sn\,4, |l(nrc.

Х\;1 rJоrLsо irr Х, l
lt is possiЬlс 1о ])гove thс .х1cl]dеd vorsion oI.the .Гhooгeпl lj Llsing toPologiс,1l

Theorem 5 (вaneсh) 1п а |opоloоiсаl sцсе X n unioп of аnU ll1пilц оJ оу,.n sе|'s oI

l].sl' (|1|с!о1'1J о|so i! lIrc rсl oI |iTsI сЦt"цorу'

l)пooI. J,el, (l dсnotсl ttпion ot a Гаmi1y ./ of пonсrnрtY oрсn sсtsoГIirs1 сir,lеgor1.'

I,оl, 1,' = {tj,"ia € /l} Ьi' maхnnulD IаЛlilу ot nolrintсrsссtjn8 nonсrnPtу oPrn sсl,s,
оасh ol irЬ]с|r is Фnt.Ii1lсJ in sсt ]1'оIn ',r. Еaсh o1 thе sсts .,r" сall Ьс lvri],tсЛ аs а

ulljon о[ ilowholс (l.rnsс s{ns: .,'" = U N.',',' Lсt rY." = U 
^",'' 

lf opсn srd i''

il]lРГsосls ,\,. il in1сгsсds *lл" *l l;l]"i л.,'.. as wе]i. .Lnd .1,i,11"r.* t.r,.,. ;" "" "u.-
|lonolIlp|1,s.l I..с (t/ П./.,)\N'l'", 1'lll|s l. С t]\rv,.' hсntl Л,' is rroц'hсrc r]rlrrsе onс'
\\i(' no1с 1]Lali Г.l\ |J l, ;s a dеIlsс sсt Ilo\!hсг() (otьог1!isс' г Js rrol' mахiпrlrl). liсrlr:с,

.i С ((/\Ul')U U ./." = ((;\Uг) U U Л,' is а sс| oг iirsi сalс8orv, l
,\s is оЬvious Iroпr rvlla1 l|.!s ЬссIl sаid t]lat а сoпссPt o{ сal'сgol! is aРР|iсaЬlс пot

onlу to Пtl(Iideаn spасс Ьll1, ?llso 1(] irnY Loрo]ogiсаl spaсr: пloгcovcг' 1llс Bаiгe 1hсoк'm
oIl rj?r,tсgoгy llol(]s iIl апy {,ol!plоLс п]ei гiс sp;rсe, This peгrrriLs topгovеsoлlоill]егсslin8

Sets оf fiгst сatеgofy aцd zero measurе

IlеIс wс stLrdу i nlore dеta.i]t'd manllог l,hе сlаssсs oI sеts oГfirst (ategoly rrnd mсasrrrе

Dеfiпition 8 A сlass of sеts' whiсh сontains al1 possiЬlе dеnumегaЬlе ulioл aud аlty
suьsоt oГ its mсmЬсгs, is сal!e,J. o irLеаI.

Wr note, thа,t Ьoth tho сlass oг sеts о] Iiгst саtсgoгy а,n.] tlrе с1ass of sеts of mеasrrгс

zc|o aгс a, ldеals'
Point ;rnd anу deлu пrol:r,Ьlе sеts arc Ьotl thс sсLs of mеasuгe zеro аIld Iirst сatсgorу;

on the othег hand, no inteгva] is iпсlrrdеd iп any ofthсsс сlassсs' Arе ihеrе nondeflu
mсгaьle sets Ьelon8ing |о Ьoth thсsе с]а'sses,i Thе еlеmеnt:Lгу rхaшplо o{ suсh a sсi is

сantol sel' с, сonsistin8 ot the рoiЛts o{ [0' 1]' not сontaining thr гig- l in i1's telnaгy
Iсpгсs€ntatioп. This set сan Ье gol Ьу thтowing out iгоm [0' 1] the oрrn middle intеr
val (t/3.z/з), then ttгowing out ille oPet middlе рaтts Iгom еaсh oГ seсtio s [0,l/3],
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[2/j}']l' etс. l| ]'; 
's 

tлion оl 2" intсгvals with length (1/3)"' relllainjns оn stср l,,
tlLetL =|.l/i. ]t hapрсlls tЬа,t 4 docs not сontа,i1l anу inter'vals with lengt]L moгr tian
(1/3)'.' helсe doеs not сontаi]] алv jпt€тvals, апd' thеrеГoгe, nowhсгс d.nse. on l,hс
othеr lrand, sum of lсlgths ofintеIvыs, thе сomрolents of li., js оq ua] 1'o (2/3)", lLслсс.
/,()=д(Пtl.)=in{//(r;) = Uso .' is the s€t of пLсasolс zero. NondелUmсгаЬ]]it}' of

C is oЬviоlls.
l]oth the с]аsses ot 1hе sеts of mеas гe zeтo а,nd oJ,the fiгst сa1'еgс)гу аle l7 ir]сa]s'

whir:Ir сontajп a]1 dеnrLmeraьlс sots and some nondenumeгaь]e sсls' .l'he sets оr iпesе
с|аssсs aIe..smаJl'' ill сeлtain sсnsе, 

^ 
nowh0le dспsе sсt is sпа,l| iJ1 the sсnsс 1h;|i il,

is ..full of hohs'', lvli]e .r sеt oI lilst саiеgorу сan Ьо applохinaLеd Ьу srrсh а sеt. аnd
i!]wa:vs hils ir dеnsе sеt o| disсоntjnllitjes. A srt оI nLeasnге zсrо is ..sпlа]l,' i dl'iс
sспsе' it са,n bс (t,vсгed Ьу a sr:quеrrсс oI intсrlаJs, is a'тЬjtтar.i]i' smilll tolal iеlL8l hs'
I{аyЬс оrro o|1hese сlа'sses o1 sеts inс]udеs tье 01!еr oлс.1 Thо lbliolviп14 t}LeorеnL 8j\.ь
a, Лe8alive аIrswсг,

Theoтetn 6 R is а union o! Lu'o complеmentaTу sеts А nnll l}' шhстс. А is a srL oJ
lirst сalеqorу аnd B is а sеt ol mеаs1rе zеro.

P&oor.. I,d (il]42,-,'stаndsIor ir,n iпdeхed sеL ol таtionа] nuцrЬсrs an(l ict1ij Ьc

аrr j tеIvаl with tсngth (i + j)l2 Лd сеntгe o:. WГikl C' = a L' a,,а в = fr C'i,

! >0: jJ: n <.,lh.n l]с lJ i'' an.| 

' 
/' |. 

',,''' 
' ", ]l'1''., /]i..-

the !el' (,1 Ineаs]lге zeгo' on thс otheт lrantl' G] is thе dеnsе opсn suЬsсt oI Л. аs ii
is a rInion о|in1cгvаls in{l .оn1лins а]| Гationа.l points. lтсnсе, i1s фпlpIcmelj1 сj is
norvhсгс rlсlse оnс, А - 1]1 =Uсlj is thс sсt offiГst сategoty- l

^.( 
]s oЬvious Iroпr whal hаs ьeen said' ihe sеt 1,1|)1 is ..snrа]l'' in onо sеnsе, is nоl'

alrvaуs .,small.' in ol,Ьсr.
Coпsideт Liouvi]]c umЬеrs аs oЛс mole ехaшр]r,

Dеfinitiоn 9 .? € R iJ Liоlllillе rllunbет' i| z { Q'[о|о'II\' е N: еxi|l|,q { z|
,_L /L,,\l

11 js pоssiЬlc to pюve, 1hаt atу Ljouvil]с nuпLьсl js traЛsсCndсnt , Lеt ,ls l!с
set оl l,ionville пumЬс]'s. lioпr De1lnii,ioп 9 fo1lows. th;r,1

n=a'n(n]G^),

tvhсlе Q, is |hс sсi, of irгationаl numbоls. аnсl

.r L r I

(, (,
'r="'= ' 

q s" q 9"'

Thс set с" ь a uпlon o{ intrтvаls, Bеs]dеs r/ с G" (it js oЬvious), iспсс C. is thс
rlense opсrr sel,. The].efore i1s сomplelllerlt ]s tЬe nоWlere dense oпе aпd:
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E = au(u,c,"),

hелсe l, is .[ set of first сategorу beсаuse jt is a union of dеnumela,Ьlе lumЬeг of the
sets o' t.sl сalrgorу; honсс, ,1' is a sеt оf seсond сatеgоry.

oir thс other hа,пd' is iL рossiblc to find neasuтe of .D? oЬviotsly, that /' с G" foг
anу n. Сonsidст

,, '"' .t' I "u,,=.Ч_,i i-i" т, |q=1.2..,.1.

Vп,fl, € ]v:
lсп( т||,m) С G-n (- n',m') = U'[С'.rn( Й.m)l с U" U (i_".i+Ё)
IIenсс' /, л ( rn, rn) с.Lл Ьe сovеrсd Ьv sеquслсе oI intrгvals, ihe silnr oI lellgl,lLs of

whiсh j{ ll > 2 is сqual to

Ё,t,; =i|t,,q + t12 <Ltl-n + оi =

n-2

Hспсс, /,J n (_m,пl) is tlre sct of meаs!те zeгo {or any rn, Thсгс{orс, ,8 js a sеt
of mеаsurе zегo' 1'1rLrs, /j is ..sma]l'' in sсnsе o[ mеasure, ьut it is ..]aгgс'' iл sспsс оI
сategolу. s0ts./i aпd.0, aгс aп eхапLplе сorгеsponding to Thеoreti 6'

Tlreoгеms of existenсe
.гhe схir'tсnсе of mathеm:ltiсаl oЬjссt with some ргоpсгty сan pгovсd using tlrc follotving
mеthod, In tlе famjly ofoЬjесts rvе r:onsidет a set o{ objссts wjthout this propeгty, а,nd

рrоvc that ttlis sеt is iIL sornе sелsс ..smal1,' сompaтеd with the теst ofthс tamily' Ilсnсе,
soпre oЬjесts (at lсast а, siigle oте) lvil,h thс neсessaгy pIoPelty схist. .fhis melhod
rvill Ьe сonsidеrеd in moтe delail in thе following ехamples; wе sh t usе сonсeрts of
сategoгy and mеaБure as a degroе o{ ..smallness''.

NondenumeraЬilitу of interval

The simplest ехample o{ the dсsсгiЬed aьove method is 1he рroof оf nolLdenumеrа,bil

ity oI inteтval. It was proven, thа,1 а,nу denumеraЬle set is а, set oI measure zelo and
1irct сatеgoIУ; on thе other hand, intrгlal is l,he sсt of positive measuтe aлd of sссond
сatеgoIy. Theтefoтe, it сan not be dеnumеraЬle. Thus, we have pгоvсn the nondсnu.
melaьility of а,п iпterval with hеlp ofЬoth mеasule and сategoтy' Below we dwell upon
пrore iпtеIestin8 e-Ya,mples o' аppliса,tion of сategoту foт pтools of eхistenсe.
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Funсtions of ffгst сlаss of Bаire

!1саsrrгe атrd сalсgоtv

Dеfinition 10 lfunсtioл I \s the Junсtion oJ Jirst сlnss (I|nirе),iI i| iаs t]rе t,ог]n ol
limiL of сoлvелgeл1 everуrvhere sеqlenсе of сontinuoпs Iunсtions,

Sirnplе схarnplеs demolstrаtе tiat jUn(]t]оЛs Oifirst сlass:tге not a]wavs сoлtirluo1ls
еvеrуrvhете. So, foг ехаr,пrplc, f"(J) = ma-(0'1 n I I |) aте r:onlirrlols. Ьu| thсy
сorlvсr8с to а djsсоntinuous funсtion, whiсh is есlual to 1iI J - 0 аnd оql1aL to 0 i|
т l0, ]{olvеveг' Ihis txrlсtiort с n llot Ьс djsсontjлuous еvетуrvhсre' аs 1l]r Гo]10\vilIA

Throrem 7 (Baiгe) ry.f is |1 j\nrction oI лr;t cl ss, i| i.c (:onliпuous е1:(''1ll rcr.:,

сrcсРt 11 sеL ol.[i|'NL.and]orу-

Pпooг, surпсiеnt сorLсl]tjon Ioг proving thЬ theоrem js: V. > 0 : Il = {e: !)(],) >

5с} is norvhогe delrsе (wЬете r,-,(z) is an osсi]]аtion с)1 a tlrnсt]orl f in fr),

],сt /(z) = 
"lnrr 

/'(t), whсгс /" are сontinuous' aлd ]et

/','- П {r; I@)-I;Ф') €} (n=I'2.'..).

,l]hсn 
-o,, ыe сlose sеts'," С Г|"+|, |)E" =R. Соlsidoт any seсtjon 1 С 1., 1\s

I = UФ,'О I), thсn all oI Л, n 1 саn nol Ье nowlсгс dсnsс sim ultа,lеоuslу, 11спге'

1nсN I]", n / ],,l, wherе "/is intor.val. ThсnVzе.,r;;,.l>n: i(u) '/j(c) ]s..
Ilу settin8 j = D.' + co' dсduсe that Vо с.r: ] l@ _ Ь(") |s €. vIa с J:
] viсinity -r(т6) С J: vx' с r(,'). | /,'(.) "/,(.") < э. ,гhat tnсans, V,l с 1('lo):

/(.) /"(,.) ]3 :с. }lеnсe, o'(t6) ! aс and J n l; = 0' ll.hrrs. \1| 1'I| .I С I\Ii,,
Ьеnсr:. Л. is лorvhсrс dеrIsr:' .Ihe sc1 oг disсontiпuitY r - Ё л,+ is 1he sо1 of [iгsl

саlеgoly' l
.гhus, 1h(] 1uлсtiоns oГ j.ir'st сlass arс сoпtj notls а]most сvuYwhеIe ir1 sепsс ol (al'

сgoтy, Thrогетn 7 is \.сIу i]тlpoгtaпt э.пd usrful losnlt алd it Регmjts tо answ(iг solllс

I1 ;s \'е]1kпown 1'hаt 1,ligolrolrrelтiсаl seгiсs сaп poil1iwise (onvorgс to a disсo]l1inllons

1ilnсtion, Is riis fltпсrion disсоntiпuous еveтywhоtс,l Theorem 7 givrs lrs 1hс:Lllst'eг'
th;r1 jts sсt of disсontjnuity is thе sеt oIfiтst сatсgoгr' so а IUЛсtion is nolj disсoltlinnilv
cvсr'y.,vlrетс' irлd il is еvел a]mosl соntinlro!s in sсnsе o{ саtеgoГу'

lt is also knolvп t]rat the deгivаtivc ol djlТсrсntiaЬlе evеrуrvhеrе furrсti.,n l сal Ье lLd
соntiluous ev0гуп.hете. ls il] possiЬlс thal thе deri\,ativc Ьс,rvсгyi4|сге djsсоltti1luons?

T'hс а'пs.п,ог is Лegа1,jvс. Ьесaпse 1hо deli!,tiv. /,(,rJ - 'ljnL 
,l("+*т)./l,) is {l]nLlion сt1

fiml ttass (if it is dоfinсd al1d finiiiе).

So, rvо havо forrnсl out wiсn a funсtjоl is сontiDuous a]most evrlyltheте in sсllso ol
сal,е8oгУ' It ]s jnteгestin8 io kilоw whел a 1unсtiolL is т:ontin!ols a]mosL сvстy1vh.rle ]n

sеnsс оl шl]а"ч|lLс.
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Riеmаnn integraЬility
,l.hс nехt throгеm stаtсs tЪе answег 1his quest]on

Thеoгem 8 IJ l is Riеmаnп intсqт'аьlеt its sеt o]' disconlinuilу hаs z|'о rnеаs1l|е'

This theoг€rrl is known lгom сolrse o{саlсn1ts (sеe |3]' P. 566) аnd wc do пot Pгovе

Sо' ап ntlсgгаЬtс funсlion is сontinuous almosl сvсrуlvhctс in sensс oГ лtr:аsrrтс;
Iheoгспl 8 answсг thс soпх: proЬiеms: aЛ iltсgtaЬlr ]il сtion сiln not Ьс аisсontiDuorrs
{lvoгv!!hcle а1ld сtс.

llоtvсvст it. is kno$Il tllat Thоorerп 8 is iтLvсrtiЬiс (i| |unсtion / is Ьollndсd), ,I'hс-

оr.t:rrr 7, gсrrсlirl15, spсаkiпg' is not invсгtiЬl{'(сoultсrехurrрlс sсс []j. p,0t)' howovсt. iI

а lirllсlion is сопsidсl'еd on а, рelli]{l, sсl P' it is iлvсrtiЬlс.
Thc invсгse th€olсms aге also 1hс thсorепls of с-{is1фсc| iГ а, 11|nс1ion js alп]ost

.ontinllоlls' il, is R.iеlnаnn iл1сgгaьlс (it is а |ilni1, oГсverywhсlс сo]tvегgсnt sссlut]Лсс oI

с(,lIl inuоlls ГtrЛd,iЛLsJ.
(]ollsi(].г onо lnоr.l ох.Lпrp1с сопnссl,ing гoпlinnit! аnd lneаs|rlaЬiIitv'

Luzin's theorern

Thеoгеtn 9 (Luzirr) / lлс;i..,n -f ;. li)i.о.'iii,ijL]с ij аtl,,-i oiliу;'|' ,]lil' il,l .il|!i . > a:
|h?r1. is l,' suсh |hпt у(IiJ <. alll Tс|Il'iсIian aп l?\L is соnLitшoпs,

'l]llis 1hсoгсIn is Pfo\'о(I in (!llrs{] o] гundion 1 апalvsis (sсс [u]. p, ] l2). No1,с1Il.rt it

l]ivсsоl]спlorr].хalltplоol'aP|)li(|:r1,ioпoln|tl;r,sul'ссх]stсnсe, ll atrlnсlioIl isсoЛtiЛuous
l|пos1 сv(]г!!vh('rс ({]х.()llt а sеt ol аrЬitIarily smаll пnrъLtrс)j thсn i1 js lnоasxгaЬlс. r\
sirnj1аr l,Irсorr:rтr сan Ье 1tлInпlatсd tог th{: сonссРl, oг сat0gol'v suьsl,1Lntjпg nleаsuга-
Ьilil,Y ьY ]].l]|(l рtopсгl,v:
Dе{inition 11 

^ 
s{]t ,'l Itж l}a1х: pюpr:тI,у it t| = 1r^./' wlLсlе ,'is {lose sеt 0 is lhс

s(l Dl tiгst саtс8огr'' }Iск'i\ sl,ands {or sупtmсtriс diIIсгспсе ЬetWееD thс sсts'
,гhс с]аss ofsсts having ]]ajrс pгoРt,.t}, is sjmi|al to thr сlass o| nlс;l,surаb]с sds. It

isаlsoo idсal and сontа,ins thс с]ass of IJotс| slэts, tr'Iolеovсг, in t1lо с1ass oI sc]:s hn\ij|ц
]]а'jle ProРсгl,y thс sel,s of Iiгst сa1оgoi.y plау tlle role ol'sets oГ llк]аsurс Zоrо.

Dеfinition 12 liцlсtioп ! hаs ]заil'с PTopеГLу \( Io| a]l U с ll suсlL 1hal' tj js oPеn,

/-'(./) hаs ]]аiгс pтoPсгtv,

тЬeor€ln 10 l\lnсtiоn I hаs ]заiе propеrlу il and onLу il, шhen, suА sеt P оJ Jпs|
сal'щoTу, |fu1l |hе rеsl'|'iсIion I on R\Р сonti||uou5llj, еrists'

'I.hе PтooIoI this t!еorlrпr тrquiIсs to study in dсtail thе сlassеs oi sets and fuпсtiоЛs
hirvinв ]]aiгс propeIty and wс do not addUсс it hете (sес {t], р' 66). нowovсr,.гЬсoгеm
] 0 itsсlf givсs Ьтilliant eха'rnplе oг Ргoving theoтсIll оI eхistenсе with helP oг сtrtеgoгy.

I| funсtiоn сontinrrous almost evrrуwhсгe (еxсePt a set ot filst сtttсgоIy)' it has t]aiте

Рrоpeтty.
Аs опe rnoтe eхilrnрlс оf aрp]iсatioп o{ пLcasurе rve rvould likе to stаtс thс lollo\vjпg'
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тhеorem 11 (вgогov) rl a sеquеltсс oJ mсosuтablе |unсtlall,s '|"(t) poiлl'risе .on
ш11]еs to -f(x:) on s|t I| ol rtniLе mеasurе| thсn Jor а|'I с > 0: |hеГс is ]i С li s1l,:ll

1,hаt p(l,.) < с аnt|' |,.!l oп I]\F.

t.hjs theorеm is a]so kлoivп ftoп сolrse oгana]ysis (sоо[:].р. t L0): itdemonsiгаk,s.
as thс сoпсерt oI, irlсas11re iсlрs |o соnneсt poirrtwisс а,nd uтriГoi,m соnvсr8enсс: i{

/,. э / po]ntwьсlv, then ./']/ еv€Ivwheтe Ьui о1l a sс], oI ai.Ьltlalj]у smаll lrlеаsllrо.
Notiсe thаt a simj1aт t]lroгeлl foг с.ltеgoгу (jn сolltrа,st 1() Lllzjn thcotеm) саЛnоt

ье statеd (eхanplс see IL]. p. 69),

Еvеrywherе nondifferentiаЬle funсtions

1.hс fo11orr'ing ехаmple is esрссjally iпtетеsting Ьсс:iuse tle pгoo| о1 l!с thеоrспr is

ьаsed on сonсеPt o| сirtegoly (in а,]] thс аьove.rnenl,iоnсd схarnрles .atоgoгY is usоd jn

formuЬ1iolls оfl,hеoгeпrs, i], is indiсator oIeхistеn.]e, Ьnt it is not a inсthod oIрrоving),
Definition 13 ivlсtriс p in c[a,0l is uni,Jorrn mсtriс, it р(I.!])= 

"i:2" 'fk) q\x:)1,

СolsidсI sРaс.].,'{0, i] willr unil,отm пoгm, Coлsidст

D,'= l|:1x t. [0,1 1/л,l :Vh:0<h<\ l: -[(ь +/l)_.l(ll) i<ni}],

Let rls pl'ol.e that -E'" is сlosc. Tаkе апу |tnсtion lr'om thс dоsuте о1 D" and ;ur.t.

sо(luenсe {/r} с I],,: J1 - /, .l'Ьolе eхists suьsequenсс {.т1}: Vl,0 < t; < 1 tlп
аnd l.fl(сl +л) n(t*) Зnh,,Yh:0 < ll < t_l1. ,\ssпlnе thal т1 + t, п,hcп'

0 s с s ] . l/n. Ьссausе it is Роssib]с to do if suЬslitule i.[} Ьy its suЬsсqпслсс. ll
0 < A < 1_ r, thсл {oI еnough 1атgе l suсh thalj 0<i.<1_:rr.:

l/(I+h)'./(r) ls|./(x] + i,) - /(Jl + л) + i/(Jl +/t) - Д(rt+l,)]+

+ J"@t+h)-.lo(xr) +1./r(;r)-/(rr) + /(rr.) ./(z) S
/(, + ь) _./(i]l + л') +p('f'II)+пh+p(|k'l)+l./(zl) /(r) |.

],еt i, * m. IloI /]s сolllirllloцs in.т ald z+lr,, wс dсduсе: 1|h+|I)',||4 sл,h
Ioг Vh: 0 < h < L т. Thus' D" is сlоsсd.

Note lhat any liлсtion f frоm C саn Ье uniloгm аrЬi1'гarilу сklsс aррIoxilllalс Ь!
а' рioсеrvisе li оаr соntiпuоus lonсtjon ,' ,Io dсrllonstrаtс 1l|аt ,,, is rlo$hо]'е dсnsе

in С|0,-l], sufliсiеntlv to l)тov0, that [oг elпv sur:Ъ l lrсtioп 
' 

?!r|d nnу e > 0I|llll1,]оn
h € .,'\I', сnsts А|d p|g'.f) < Е.

],e1 ,м is m aхi murn o{' slopсs o{ lilеaт sr:gnеnts оI q ' 'lhkе rn sп tJr that m€ > ?i+il1.
Lei, р(z) - пr;l(t _ [т]'|z]+ t _:,) (sаw.tooth flrnсtion)' i,(z) = .q(,) + 5я(??z.r]). 'l.hсп

in €vеrу рoint оГ [0,]) fUnсtion h Ьаs тight deтivаtive wЪiсh is gгr:rr,tсr t}r;Lтr a (lГhe

derjva1ivс €.,(т,,) js сquаl tо +,rn' thс dсrivа,tjvе o{, is not gl.саtоr than,L1). lrоnсо
h€С\l',..r\sp(a'i})=€l.2,I'\еnЕ,isnot.lLетedenseinС[0'l]'l{сlсс.Z=v/'"isa
sеt offirst сalсgory in с[0'1j' .r.lis sс1 сons]sts of сon1,inuous Гurlсtiопs' ч,it]r borIi.lоl|
rigl diffсгсnсеqn01jontinsoпсРoii|1'of[0,1),snпilaгly'11rсscto|Iunсtioпs'h"virg
ЬoultLed kl1l dj{lъ1er1се с1lLotiеtt jn sotl1е рoiпt fi.olr [0,1)' Js l'hс sсl, of л|st саtРвоrу.
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,l'he trnion of suсh sets givсs thе set of funсtions, hаviпg 1]nite unililteгаl deтivirtivе iIL
soпе Рoints of (0' l)'

Also it is possiЬle to show thirt iL sеt of Гunсtions, having infinitс Ьilatетэ,l dсIjvative
iл somc poilt fтom [0, l), is it sel, of Лгst сategоry, f.lrlrs, сrrntinuous гunсtjon has totallу
disсonncсl,еd dсrivativс almost always jn the sеnsс of сategoгy. [4oгсovст' l,he aьovr:
пlспtionrd ргoofgives thе сonstl1rсl'ive mсthod l,o oьLа,ine nondlffсftllr1iaЬlс сverуrvhсгс
funt1iоn а,s a srrm o{ uni|orm сonveгgсnt sсгin" f ."р1-"."1.

Gоnerailу spе.lkiлg, aрpliсtli"ion o'' BаiIс tlLe;;Il аlr'r|ti саtegorу to plоv.. хiJtелсо
(nonelnрtvlеss) set is гс:duссd to p|ooГ tlrat somc eleпlсnt оГ tlis sсt сan Ьo oЬ1airr as
lirnit o{сonstrllсtеd sequсnrrl, Whсn this 1lLol,hod js а,pрliсaЬlс' eхlnцnс is сonstгuсlсd
Ьy suссеssive iLPPгoхimаtiol|s.

R,etuгniп3 to our topiс, posс anotllег рroЬ]спl: dorrs а funс1iolt, lvhiсh has no dеl iva
tive at а||. {)хist.] Yсs, il,.loсs. brlt лсthod o| сiltegorу is.rlrсady rrrl;rpрlir;аЬle, \loгс
ovсr' sеt ol'sliс]| Iun<]tiоns is thс s.t оt Iiгsl сatсgoty in С[0, l].

Tlrc tollorving eхaпPlе is .onneсtсd tvith 8сneгirlity of ftn|ссрts of nrоаsurс апd
сatоgoГу. \\l].[lroаdу оЬsсгvсd soпlс сolпnon Pгopеrties ot l,lrosо rtаssсs: t]lсу сo]|1'аi|)
dсntmсi,aЬ]е sеts;r,nd doсs not сoltlаin any intсIva]s, the.!.arс (' jdeirls. Itсsidсs' sornс
thсогсrпs, is fоrпrulаted in tеIms oГ сntegory' сan Ьс lЬтrrrulattх] irr tегrrrs ol пrrlаsllтс.
ilnd viсс ver,sil, ].]хamрlcs oI sпсh dUа|ity агс thеoтеms 7 апd 8,9 аrLrl 10. In laсi,
.|uаlil}' of mеа,su|о and сatеgoгy is ]nоle Wjdсг and dcср]у, Ьut rvс do nоt tоUсh lr rn

I\ilаpping of ]iпеаr sеts of fiгst сategoгy into sеts of nreasurе zeгo

Lсt ,// Ье thс sс| of ?lutoпrorpltisms 1С R. ,Ihс lol]owin8 Lсsrrlt lrоlds:

TЬeoгеm 12 Iio| оfulJ |.|| А oI Ihе frrs| саtе7ort| il| I = [0.1] slrс, h с I! ..aists' ltnt
l|,\А) iN 1 sсt of m.nsurе zс:ro, Moтеollет, sеI oJ suсh a1lIo:l|ol'Phisns h6 sсtottrl с:аt'L|lorц
ntL

цlr usс сonplоtопess oI -и to pl.ov. tlLь thсoгепl,
Pпooг. I,сL 7l = U.,1.., whеIt ,4., a|e nowЬсrе dсnsc. Lеt

1..\. llt. :p,].t1,t,. rrtj

lroг all /l с ]',, t: n(.4",) саn Ьс сovеIed Ьy opсn sсt G с I|: р\C) < ! lk' Thегris'>0:
с сonlаins 6 viсinitу o1' а,nу Poilt ot h(А"), II Р(g,h.) < 6, rhсn 9(,4" ) С C, a,ntl 

' 
llсrк:е.

, с Л,''t. }l€nсё, ,/|",р is 1lrе opсn suЬse1' oI 11 fог all n, *. Гor l g с .I1, с > 0 dividе I
into linite пumЬer oI сlosе suЬirrtегvals 1|,12,...,IN with 1ength ]€ss than €, цlo tаkс
a сlose jntervа,].l' с.l,q\s(,a_'.)' *ь*"./j is thc intегioг of {, Let fu is pieсervisс Lilreaг
homеoInoтplrisrn 1r оn itsсIf' whiсh lеave fiхеd endроinl,s and map Л onto thс intсгval
wil,h length eхсссding 4 | _fr 1tь" glapЬ оf suсh funсtion /r,; сan Ье сonstгuсted
fгom thтсс seсtions), .lЪgether thesе h; deine а, map ь € л, that p(ь",!(a,,)) < 1lk'
It rrreans, l og с !."}. 

^s 
p(hog'9) < €, then 

',,,l. 
is derrsе Ьr -l1. Thrrs. 1hеsсl



82 trI са.s ur.е irпd сalсgor\.

li = П 'L;'t is а sсt oIsссolld с:ttсgoгу in ,a, If h € /,' thrn л('I")ъ thс sсt ofrnсastLк]

zсю|oIYn€ N.,\s г;!га^s h\/1') СUЩa'')' t|!'Л/,( l)ili \сl (lГln(аsr|гс zсlо .
Д,l'his thсofсrlL givоs ()ne rlloге eхirm рie when сatеяoгy is aРp]iп] d]roсtly jn tho plool:

,I.Lrc siшilar thсorспl сап Ьс pгovсп Гoг л dnnопsiona| spaсe.
so, we сonsideгed soпlе ехaпPIсs of hсW thс Фnrcpts о{ пleilsurс :rпd сatсgoly :Ilо

аРрliсd l]o pгovе thе thсoгепls oГ oхistсnсo, Ilr onо kild of 1,lrсoгсIl|s ih.!sс сoпсoirts
а,Рp|у as с(}l|di1ioЛ оf схjsten(с оf oьiссts' jn anolhсг dirо.tLу foг Prooг o1 схistсnс0.

Bibliography

|. .I.С.. oхtoЬy. ]t{oаsuгe ilnd сatc8orу, spгingеr \,i'Г|аe, N.Y'. t97l.
2' lr. Riсsz, B. sz' Nа8у. Leсo s d'analуse liolсtiсlnпellе. Akadспi;li liiado, I}udtlрсst'
l972. irr Itenсlr'
;}. I,.l). liudгу)vссv, 'гhc сouгsс о[ (],!lсцllLs. \io]. l' Mosсow, \/}ssltaYa shkolа. I98i],

Мiсhael Кoldгarjеv,
Gтarlнa!еd lrorn lh" phуs'iс.'l an.]
mаthеnlаlir'оl sthоol Nо. |]0 i1l 19уl,
S1Цdеn| o! lhе DсPl, oI Co?npul,е1'
Tcthnokц'ч Ь1пс. 19g,4 ' у/inrrcr
оJ schoоl оliпцlhds in pltцsil:s lтld
|nаIh(mаtiсs iтl 1988 1991 пd s|u-
dе|ts' mothФnntiсаI olуntpzаrls irl
199tr 1990. ||]inTlеf ol t|lе tillе
,,Sotos sludеnl,, iп I995.



D. Raskir 83

Theory of Veсtoг Fiе1ds on thе Piane with Appliсatiоns

D. Raskin

In this pэ,pсг ihe foundа,tionБ of thе thсory ot vесtor ]lеlds on the planе, a powеllu1
instгument of thс modeliL са]сu]цs, ale slatеd and soтnе its apрliсations, inсluding those
in сomp]ех са,lсuIus, а,гe сonsidсгсd.
Definition We say 1hа,t in the flat arca 0 с R, a veсtor field (or, siпrp]сг' а field) is
dеIinеd1i| a vaсtot юtrсsРonds to eaсh point oI this aгea.
Dеfinition Wе sау that t!е feld larns to zеfo jn a. given рoint, iI thс zстo vес1,ol
сorrсsрonds 1() this рoiпt'

сonsidсг a сontintous fiсld Ф(n4 ) oп [lе Jогdaп сurve Г rvithoцt sclf.irrtcrseсtions.
Intтoduсс tir paгаmсteг l, so that thс сцгvc Г is dеfinсd Ьv thе sуs1em

wheгe 1 € (a;6] and 
'(,)'9(,) aге сontjnuous. In this сase thе vосtoт field Ф(,44), or

Ф(с. r,7) lvherе z aпd y аrе tlrе сoоrdinatеs of ,l1, оn I сaп ье тcpгesented аs the JunсLion
Ф(f)-
Definition Let Ф(,) Ьс a сontintous funсtion toming to zero nowhe'.e. \4re'll саl]
Lhe angle {unсtion of the Леld Ф а coтdinuous llrаnch o! thе m\ltiluftсIion: tl\c anelё
betweеn Ф(') а,nd Ф(a)' whiсh tulns to zeгo at 

' 
- o.

Deno1с Lhr anglс funсtiоn Ьy o('),
]IеIе aтe some oьviоus propeтtiеs of the angle frlnсtion|
1) .l.he aпgle lunсtion doсs not сhan8r when We turn the whole vесtor field on l,hе

same aпgle.
2) Thе an8le funсtion does not сhan8e when we gо ovеI {.om the given vесtoг field

to thе nolmalizеd one:

Ф'(r11) = -Eg) .
| Ф(,44) ||'

wьеre ]| o(м) ||*is the noгm o{ the vrсtol Ф(М).
3) The aпgle funсtion dерends on the waу of enteтiп8 th€ paЙmetФ on г.
Now we de]ine one of thе Ьa6iс telms o{ veсtor ield theory -Iotatioп.

1 " -'('rl e = y(r)
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Dеfirrition The r'olotioп of l'he сontinuous veсtor flеld Ф on the JoIdаn сurve l' wit1roцt

seш intelseсt]ons is the numbe.
lt

l(Ф. Г) = -(0(6) 
_ o(o)) . 0(6)',' '2т 2т

I{eтe js аn cхamplе of iie fiеld wьos€ Iotation on the 8ivеn сtrvс is 2:

гig' 1

Ilеrе аге some oЬvious ploреrtiеs of rota,t]on:

1) Rotation does not сhange when wе tulns the veсtoт field o1 normа]iz€ it (see

PropeтtieБ of thс angle ftnсtion).
2) Rotation doеs not depend on the lvay oI еntering the paтam€tет on I., it depends

on]y on the oIientation of I.: when we аitel the oliсntation тotation сllanges sign.
3) Rota1,ion of veсtoт lield on а, сuтv€, whiсh is a union of some othel сuтves is ]'he

sum of the fiеld's тotatiоns oл thеsе сUтves.

4) Rotation сал ьe any тeа,l numЬeт: foт gettjn8 a fiс]d witь the givеn тotatiоn you
nееd onlу сhoose tЬе аngle fllnсtion in thе PтоpeI way. Tle fieJds of infrnit€ rоtation
а,lso схist, Ьut wе do not сonsidеr tЬem here. Notjсс, not taking suсh fiе]ds into aссount,
tha1 if .4 and , а,гс the erlds ofthe сuтve Г and Ф(,4) and Ф(-B) have thс same dilесtjon'
tЪen 7(Ф,Г) is ал integel numЬ€т' and if Ф(,4) and Ф(l?) аtс dilесtеd in an орpositс
wа,y' thеn ?(Ф' I) = т} + i' 'rJьеrе a € Z

There aтe diffeтеnt methods lbr сalсulatioп ol rotation. Wс derjve the Poiflсатё
formuta, Whiсh is one of these mсthods.

Lеt a j,ield Ф Ье dеfinеd оп tiс сlrrvе Г:

o(z(l)' 9(t)) = \ф(r(t) ' 
uв)), ф(E(t), g(t))}

with thе angl€ funсtion o(1). \^/е int1odцсe the funсtiоn a(li) eqxal 1() the angle whiсh
tье сoтIeБpoдding veсtor o{ the fiс]d {oтns witlL thё z aхjs. Then it is oьvioos that
rJo _ rla and wе hit,vс t r

2т1(ф'|) = Jdo= Jdс!гг
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Thus, wс oЬtа.in
61 I фuJ,|.,(!) - ф(l)Ф,(l) ',''-.' '_ zт J Ф|!)|',|!) _ U|t)a'|l),''.

whiсЬ is thr Рoinсaт6 formuli!.
We саn define tie rolatjon oл a сloscd сulve as the sum oI thс гotatioЛs on thе Lwo

сurvсs сomрosing lhe jnil,ia,l сuгvc in unifiсation' нrre thе notion ol рositive сiтсuit
diгосtion is used:
Dеfinition .A. сlosсd сuгvе's сiгсuit dil€сtion is са,lIed posi,ile, if 1'he inside aтеa liсs on
1hс lelt of the сuIve. The opрosite сilсuit direсtion is ca||ed. nеgаIillе'

Еvideпtly' the тotation of the с]osed сuтve is i]rtegeт алd doеs not dеpеnd on the
lvi!у oг dividing ]t into two сulvсs.

\'ve Лееd not sometimes know thс eхaсt va,luc of thc lotatjoп, ir is imPoгtа,nt IoI us
oЛiу to know that it is not zеIo. Thе lollowing сriteгiоIr is useful Ioг sпсh tasks,

тheorem 1 l,et А bе a сontinuous lTаnslormаtion o! the сIosеd еurШ |^ inlo iIsеIJ
ulilhoul 'fixеtl 

poin,t, a liekl Ф is rleJineс( on thе сuтuе Г аnd

Ф(A(r1{ )) , Ф(^,I), 
ll Ф(r1') ||

I I Ф|t)ф,|1). ф(цф'|ц '.,' J ф'\D + ф'\ц "'

Vм€l.
L ф(,1(,4,1)) 

]

V,14 € г ' Ф|M), 
|| Ф(i,1) ll

.ylФ.1.) = : l da'rсLaл]: ='' '2тJ Ф

.]'hсn

.r(Ф, г) l 0'

РRooг. Let .у(Ф, г) - 0. Lсt thе Рarametет l Ьe dеfiпеd foт Г and let thс trans{оr'
пlation x ; [o,l,] э [a' b] (hсlе a aпd Ь aтe гanges of f) сorrespond to the tгaпs1,oтmа,tion

А ot l,hе сuгvtэ Г in1o jtself as a tlansfoгmatioп of thе рaramсtсг. As I. is сlosеd. wе

саn соntjnuously схtеnd th€ anglе ttrnсtions o(l) and х(l) peгiodiс l1у оnto thс w]lolс
геal ахis. The f1rnсtion o(') must havе a mаximum and a nlinimum on the sеgmоnt

[a, t']-at thс points tl аnd t2 сorrcspondingly. тhrn o(,) = o(t) _ o(x(z)) has a pos.
itive valцe at .l and a negtrtivе one iL1 ij,. Thus, o(t) has а zeгo vа,luс Ьetweсn t] and
r,, and thе сoпtrа,diсtio With the сonditlon

Ф(,4(,11)

ll Ф(,1(м)) 
]

provеs thе thеofеm. l
.l.he nехt thеorcm with its сoгollaтv allоws to са,lсulа,te the mtа,tjons of some flсlds.

тheoгem 2 Thе flJtlltiofl oJ thе fiеkl oJ tаngеnts to а smoolh curuе on this cufw is I.
(Wе caII thе f'elr} шhich at еvеfу point hвs thе DаIuе ol Ihе tаngеnI to thе сur'е thе rtеId
oJ tangents' Wе cаn clso dеj,nе thе fiеld' of insid,е вnd outsid,е noTmаIs to thе сuт1|e

аnаlщouзlg though uе .1o not turn our аttention to thosе dеfinitions.)
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PRoor. smoothnеss oftlrе turvе and unifoтm сo tinuitv оf tъе fiеld's an81e fuпс1iоп
o(,), whele 

' 
€ [a,0] is the сuтvе's рaта,mсtell a,llows us to пrаkr divide thе сuтve lvith

points
M (ц)' M ('t,),,,,' 

^'[ 

(t")

so that:
1) а=tI <I2<.' ' <t"1
2) thе inсtemrnt Ao; of the anglе funсtioo on eveIy sсgmеnt is equа,l to the ang]e

ьetwеen thr vесtoгs at thr ends of the segment and lсss tian т;
3) ihe tan8ents dt ]'I(tt) in сorrtinuа'tion untjl intет6eсtin8 wjth the tangents at

,44(,; 1) and rи(,i+l) foгm a сlоsеd сonvеx polу8оn:

I'ig. 2

This polygon as well as ihe сuтvе does not havо sс1f.intеIseсtions' Th€ тotation

?(Ф' г) is thо sum of tlre angles Ьсtwееn the рositive diтесtions of thе polygon,s sid€s

ai and the positlve diтeсiions ofa'+t, ta-ken in the iпtеryаl ( т'т)' d1vnted Ьy 2т'
on rh" ouh"r hалd' il i5 oьvious l,hJl

]Ienсe, we havе

th аt finishеs the plooI.

1(Ф' г) = 1'

Coгoltary 2.| Thе rot|1t;'ons o! thе liеldз оf insitl,е and outsidе noтmоIs аrе еquаl k)

1.

PRool. The Ьoth fie1ds сan Ьe oЬtainеd Iгofl fiсld оf tangеnts $.jth а, tl1ln, and

theil rotа,tions сoinсide w]th the rota1ions ofthe fle]d of tangrnts, i,e. aгe 1' D

Defiпition L€t сlosеd сuтves г1 ...l', witlolt сommon points liе within the aгra Qo,

Ьounded wi1h a сuгvе Iо' The area a сonsiвting of points, whiсh arе inside l'6 and
outsjde the othrrs сшves ]s'сal]ed u + 1-connеclсd' arca, .1.he positive сirсuit djгeсtioп
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oI the сuтve I is the diтесtion on whiсh wс have () oп thе lе{t: сountсIсloсkwise for Io
and с]oсkwЬе for Г1 ...Г,' By deJinitiorL, the rotation of the fleld Ф on thе сurvе Г is
the di{Ierenсe Ьсtweеn the {ield Ф's rotation on Г and the sum of its lotations on tlrе
сlгvоs Г,:

]lФ.l )_ ?{Ф. Г0) .Г)(Ф.|'.).

Now wc рюve а, сIitеrion of zelo тotatjon oп thс Ьoundaтy of a multiсonneсted alea.

тheoтem 3 LеI tl be a u + |-connectеd areв пnt] IеI its ьowldаrу сonsist ol у + I
Jorrlаn сuтuеs' I,еl a continuous uеctor's fеld, Ф xum Io zеro noшltеrc lп lhc aтеa {1'
.Гlеn tIrc rotаIion oJ Ф orl lhe arеа Q's boundату |' is zетo.

Pltooг. I]y соntinuitу of Ф thстe еxists 6 > 0 sllсh tiat

v 14-.!J,-сn M|lI" |< а J Zlaiйi,бl,llгl. ;
Wс rlividr: 0 into aге?rs or,..-o. tvhose diamсters (thе taгgest disl,anсе beiwеrn thоiг
poiits) is].rssthan6' WeсаndoitwithafinitesetofJoгdanaтсs. I,rt ,l 

' 
, . . ,. Ьe the

Jordan's aтсs o{ whiсi Ьоundaтies Пr, . . ' lI,. сollsist. llегe iI 1,; is on thе Ьouпdary o1

0, then ,l is thr Ьоundагу oIonIy onc aтea and ,i.s сilсuit diтeсtions ofthe Ьoundaгies

of Ьoth Q and Q; соinсirh; if -|; is inside 0, thсn it is the Ьоundаrу oг trvo i].cirs and

llаs.]Ррositе сiгсnjt dilссtions on them:

гi8. 3

Henсe, oЬviouslу, the totы тotа,tion for two oРposit€ сiтсuit direсtions oп 1lre alсs
insidе Q is zегo, and only thе ?],гсs on thс Ьouпdaту of o do€s not have zero тotа,tion.

Then

! т(Ф, п;) = l(o' г)'

on thе otheт hand, ?(Ф, Пr) - 0 for any nа,tuтa,l i Jтom 1 lhrough n Ьесausе tьere aгe

no oppositely dilссt€d veсtoтs оn any of the other аrсs (othelrvise the point would ъave

ехi6ted oI zeю value of thе field Ф)' Theгefore we obtain

87

,}(Ф' г) = 0'
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а,nd so we have pгoved the thеorеm. l
Dеfinition i,сt а, vссtol field Ф ьe d€fined on thс wholс o and сontinuous at aш its
pointsl exсёpt mа,yьe just some of thеm, .Гhе sin|ulаr points of tЬс iсld Ф are thе

Poiпts at whiсh i1 is пot dеfinесl, пot сontinuots oI has zlэro.veс1of valuе' II thсIс is a

сjlсlё сentelеd at sцсh a point, within whjсh thеre аrе no otheт siлgulal points' we саll
this singulaт рoint isoldt'ed.
Definitioц I'еt M Ьe aп isolа'tеd singulат pоint of the ield Ф. Сonsideг two сiтсlеs:

,9t and S, сerrteтed at ]и of so small а, radius thilt thеIе а'те no othel siтlgdal. points
inside the Ьiggel сjrсlс 0€t it Ье.',) oт on it. Lеt I ье the Ьoundaтy сonsisting of the
points of .tr and .tr:

Еig.4

By the рIevjous thеoтеm (Ф is сoltinuous, dеIiпed ilside and оn s2 aЛd doеs not
tuln to zero thete) '7(Ф'r.) = 0. so'

1(Ф'.91) = 1(Ф' s2) : *'

This numЬeт /t is саLlеd the ind* o! thе stng1 аI point tr4.

Notiсe that thс notion oI the indeх is сoтгссtlу defined oтl]y for isolated singrrlaл

рoints.
No1v wr gо ovеI to hоnotopy-оnr of the пost ii!рoтtant notions thе thеoly o{

veсtol fiе]ds.
Dеfinition Lrt the one parаmсtеI set ofveсtoт fields Ф(М, )), ъ.herе n4 € N' 0 < .\ < l'
Ьс defnеd on a с]osed set N алd ье сontjntous Ьy tЬе whole union of tlre vатiаlblсs a,nd

havо rro zeтo vа,lues. We say iп this сaБe that the s€t of the veсtol fields Ф(м'))
homotopicallу .onneс's the fields Ф6(М) = Ф(-{a' 0) and Фt(.l,I) = Ф(м' 1).

Deffnition \ve са]] two lields homotopic it wе can сonneсt thсm homotopiсally with а'

sel of vrсtoт ields.
As a simpie eха'mplс' соnsidеI thе fields Ф and _Ф in some p]аnе area 0' Nоtiсe

that the set of veсtol fiсlds

Ф(],I't): Ф0n)(1 2t)

сonneсts thеse fields 1lomotoрiсallv and lhelefo'e they are homоtoРiс.

Theoтеm 4 Let Г ье thе Ьoundarу oJ в v * |.сonnесtеd flаI атea Q aпd lcl homotopiс
теctor f,еId' Ф and V bе dеfinеd on it. 1,hеn

,I(Ф' I) _ ?(v' Г).
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Ptooг. This tЬсoтem is геduссd to thc сasr of сlosed сuгvе jI'tvо usс thе dеfinltloл
o l, vсс tor Iie]d тo1 ation on thе Ьound?Lry of thе multi сo n ncсted а"гсa. S o ltlt t. Ьe а tlosеd
сuгvе. Сonsidет thе sеl, ofthe Vесtor Iiеlds Ф()) rvhiсh сoппсс1s Ф aЛd v homolopiсaltу.
r,ct o(l')0) be the аЛgl() funсtion of thе liсld Ф(t',\6) whсre Ao с [0,1], 

.Ihсп thе
lutlс1'ion o(1')) is сoпtilnlous Ьy thr: rvholс union oftЬе variaЬles. on thе othcг hand,
the гotation of any liсld Ф()) js an jlltсgет numЬer Ьссаusе 1' is а, сlosеd сuтve' lt
oЬviorts|y iпlpliсs l,hal 1()) is a сonstilnt and

l(Ф' г) = r(Ф ' 
l.),

'l.hе thоoгоln is pтovсd. l
Notiсс tlLаtt this thсorcm 8ivсs a Рosil,i\,с а,lsrvсr Гol tlLc qxestioп o[ схistеnсс оf

Ilon hоmotoРiс flсlds: ;rnу two fiеlds o| dilГсrсnt t'ota]'ions on llrе sаrnс

Not'wс p|оve ап invегsе tI|согсrll,

Th€olem 5 Lе| Г bс а сIosесI r:ura| nnd k1 кc|or 'fiеkls ф nпd i' fu dс.[in|l on i|,, I'сl,
i| |Iso ье lilюШn lhol

1(Ф. Г) = r({, ' 
Г),

.I'hсll thс fit:lсts Ф аI1d Ф ш.? Ilo|nol'opiс'

I)l(o{)|,' I,е1 1he ('ulve Г ьo dolirlсd j]i!l'i]!jп€tгiса.uv a d tIlс Pага'lItсlr'г l vitгiсs on
llLс sеgnlсnt {а.l,.], \Vс noгnra1iи'l,hс Iiсlds Ф а d !! irп{l lпrn oЛс ot 1]l€ll1 so tЬat аL

1.lLс Рoin1 .oгrеsРоnding to thе Рari!пк]tсr,s vаlue l = .r vа]uсs oГ lhе Iiеlds wiIl Ьс l,]lс

sаlnс ind i1s veсl,ols wil| Ь0 di|с(tod Iikс thс pоsitit,с p '1 oГ l,llс i: aхis, ()Ьviоus|у,

suсh а Lга s[orпLаt]oп {loсs пot havс arly inЛuс'lсс оn ho lotoру о1 tIltl Iiо|r|s, I,d
01)(l)'ol(/) Ьо thс ;rnglс Гrrпсtions of the fiсlds Ф aпd Ф сoinсidiIrg ivith tllе anglс
Ьоtlvссn the positive dilссtio|r оГ thс lr: ахis and thс rloггсsponding vс(lоI o| olrс o' thс
l](]lds, (]oпsidсг thс sсt t)1 thс litlds dсpсndiпg oп thе pагarnеt,сг l с [rl. Lrl:

Ф(l' 
^) 

= {сosкL _ ))o0(l) + )or(1)]'siп[(l _ A)o0(')+ Aol(l)]}.

Il oЬviouslr сonnссts thr ftelds Ф апrl t! hoпlolopiсal]у' а'пd thс ih(]оIeIn has Ьeс

pгovесl' l
Wе сaп сonс]udе l сhaтadсгis1iс pгoрeгtу o[ homоtоpу lloпl tl)c 1wо p|ovсd thсo

Two сontilluous fiс'lds dcfinсd on а сlosеd сlгvе l. and h ving no zегo-vссtoг valuеs
on t. aгс homotoрiс if and on]у if tlrсiт rot?lt]ons aгe the sirme'

Now wс statс two othrI simр]c сriteгi.r of vссtor liеkLs's hol otopy:
1) I| continuous llеctoт fiеIds d?Jinеd on a сuTNе Г h|1!е no zе|,|r|еctor |ahrcs and

no,IhеTе uеctors oI l'hеsе Jiеlds arе оppositеI! (idеntiсallу) d,irесted, Ihеn thе fiеLtIs аrе

РRooЕ. Let Ф aпd Й Ье thс givеn lie]ds' Lrt theш Ьe ilolvileтe d]Ieсtеd oррositely.
Dvjdently thс sсt of vrсLoг гLelds turning to zero nowhсle

89
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сonnос1s Ф and Й homol,opiсa]lу'
If thе fields Ф and Й атe nowhеIc idсntiсаlly diтeсted' it iБ еnоtgh to notiсe th?!t

the flelds Ф алd _Ф are hоmotoPjс :Lnd to tse obviols tтansitivity of homotopу' :гhr
proof is fiтrlshed.

IlеIoгe formulating the seсond стitelion 01 homotoру it is nессssary to givе the
following deinition;
Definition A vесtot. ]ield Ф is са]]еd thе mo'iп part af a уeсto| fr.еld Ф if at alLy poiт1
n-4' rvhегe thе iiеld Ф is definеd' the {o]lоwing folmu]a takes рlaсe|

Ф(M):v(M)+0,(M),

whсгс r.,l js a vссtor field definеd оn the iеld Ф's domaiп o1 deIiпition and аl all i1s

points satis{yiпв:

|| ,'(,14) ll<|l tI,(м) l ,

Now wе go оvel to thе sесond сIitеIion of homotopy:
2) А сontinuo1|S |ссLor j'еId''is homotopiс to its nni|I paГt.

l'Rool.. Еvidently, thе fie]d салnot ье dileсted oрpositely to its main рalt and so
we саn use the pleviorls сIitсгion to plоve this оnr'

Now we 1ouсh upon somc quеstions сonneсtеd wj1'h aррliсa1ion ofvссtoт ie]d theolv
to сoinplex lътiаblе Iunсtion theorу'

We will de ote a poin:i of thе сompiеx plane I +,iu с C ьv thс lett€г z' Tlre
tтansfoтmation

IQ)=u(x,a)+iv(x,1t)
defillеs the vссtol' fiеld on the рla,ne:

J@'у) = \U@'у)'v(a'U)}

(sorrrеtnnеs we will сall suсh a nеtd ils the field JP))' .tьe singrr]af Point of this fie.ld

(oI its indeх) wе Wi1] са,11 the singulal pojnt of thе 1unсtioll l (oI jts illdex).
Lemma lhe indа o| Ihе singulаr point 0 o'fthе fuпсI'ion z,' is rL Iof an intеgеr 11.

PRooI. oonsjdеr the tтаlilsfoтmatjon u - z" and the сorтсspоildi g voсior fi.rld'
Notiсe thа,t if t is the angle Ье|ween с-аxis а,nd the veсtol сorrespondins to z' thcп

z = Pei,,

rvhсtо p =L .u lll.d so
L,J = p,'е'

Consideт this fiсld on the unit сilсle. тhe ал8]е funсtion on it hаs the foтrL

o(t) = nt.

Еvidеntty, thе rotatjon of th€ vесtот field on this сiгсlе а,rrd the indеx of thе sjngцlal
poinl 0 arc n, that proves the lemma. tr
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!k) = -з!!a ]_ 
+

and аs [m rj(z) _ dlzо) . 0. it z is nРаl Pnоuth to zo, wо havр

I d(a) ]. |Ф(z) 
_ Ф(и)

l-.'/-."'t\. - .at \. zo|

Thе lota,tion of the fiеld /(z) is сqual to the гotation of the nelа f,fi,j. whiсh iп turn
is oЬtainеd from the fiеtd 6j;у with multiplуin8 the veсtoт6 ьу the тeal сonstant
and tuIILiпg l,hem on thе given angle tlat has no iпfluenсe on the тotation. And the

Let J(z) Ьe anа,lytiс at z0 and /('o) = 0. Then we сan rеprсsсnt /(z) in thе foтm

l(4=аo(z_zo).ф(z)'

where oo € с' Ф(z) is analytiс |\I zо and. ф(zo) - 1. The пumЬeг n is са,]lrd thе oгdеI
ot the null o{ the Iunс1ion /.

тheoгem 6 Thе iпdеl oJ a nuIL o| аn aпаlуtiс Junсtion oJ oтtlеr n is n.

P&ooг. ],et J(4 = ao(z zo)"d(z) Ьe the invеstigated funсtion (/(,") = 0) 
'"hiсl'

is analytiс at zo а'nd lеt ь(z) = (z- zlt)" ф(z)..l.hе veсtoгs @ onа р ,f o."uot
dircсtоd opРositсly on thе сilсlс сеnteгed at zo of гadius smа11 enough Ьесalsс:

li|n (]гя(,i.]] аJд({z z0).]) |i. ".*. 
}(.) _ |im агцo{?|= 0,_ . .," " (? _.,),

нenсr' t]lr гol,ations ot the field given Ьy thе funсlion ь(z) olL l,hеse сilсlсs arr
,.l iust аs i,he indeх of the singulaг poiпt z0 ol the ,unсtjoЛ (z _ z0)'.' TЬс fцnсtioп
/(.:) difгeтs fгom 'ь(z) wjth multiplyin8 Ьу the сomplex сonstant ll0 rvhiсh is гeduсеd to
шu]tipLiсation of thr aьsolutе valires of the veсtoг 1ield Ьy the сonstа'nt rr0 аnd ildditjon
of ; to tЬеil Jtгgumrnts, suсh a lrans1Ьгmа,t]on wi]t nol, tell on tlrс lotatiоn, so tlrе
indсх of the singu1aг point z0 oIthe Iunсt]on / is rr,' The throlеm has Ьсon provcd. r
Definition l,ct /(z) Ьe not dсfined at the рoiпt ?0 and is rсpгеsеntеd in a nсighЬorhoоd
of zo in 1hе loгm

l\")= -ф@_.(, - "")" 
'

rvhсrс ф(z) is ana1ytiс in the flei8hЬoгhood of zo, Thсn z6 is са"Jled a polе оI Ihе' Junсtion
,/ аnd i,he numЬеr n is сallеtl its older.

тheoтem 7 Thе indel o! а polс aJ а Junction J is equa| to xts oтdeT lаkеn uiLh tllе

РRoor. Notiсe 1hat the fiеld сor.теspoпding to the funсtion #++ is thс main Par1
ol' Ihс {ie|d сollеsponding to the funсtiоn /(?,1i. tь" 

"";g}'I,-ь.Бd.;l zu oГ ri,dirLs smalt
спotgh beсause

фk) _ ф(,ц)
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]'otаtion oj.the fi.эld G:Ы is л' 1.hеrсfol'r the jndеx ol thе sillgп]ar рo]ni zO i5 L,
l]hс theorеm hrrs Ьeеn ртovеd' t

Notv' tvhеl ц.о hav€ thс Лсссssary thеoгсtiсаi Ь Рro!с thе l3ohl l]гo11,.r

theorerп rтhiсh is onе of thе most impотtir,rrt tlLеorешs o] fiхсd рoint. Thjs 1hоог0n1

so]Ild,imеs al]ows' аs we will sее latеr, to solvе 1hс qltсsiion of eхisterlсc o| 1j1]с sO]lLtioл

of a systеm oI еquations.

тIlеoгem 8 (BoЬl Bтowег) Lеt Г Le а conli||uous trаns,|o|nntion ol а сlтclс гl:l,о

iIsеI!. 1'hеn I hаs аt IеasI one Jixеd poiтt|'

Р&ooг. сonsideт th€ veсtor lLе]d

Ф(M) = l-(x,I) M'

lf therс aIс no {iхсd Points o1 thс tlaпsfoтmatioп Л oл tho Ьouлdnlv сiГсum{егепсc 5 o]

l,he сirсlc ,t(. thёn 1Ьc frld Ф doсs not tuтn to zeгo \iесtor on s and thr: Iiсld Л is пorvhсrе
dilсс1еd oррositelv to thе Ле]d of inside lorшаls to thс сi]'с11ml(jгсnсlr Ьеса,LLsir Lhе fie]d

Ф is difeсte.l fгoпl thс Рoiпt ,4/ to the рojnt ]r(,Lr)' нcnсе thс lotatjoп ol'1'hr Iield li
oll ,9 сoinсjdos wjtll thс тotation oj'tlre lield oIinside nollnals lio thс.]rсumtегоrLсc аЛd

1(Ф' s,) - ].

Thrrs'.у(Ф'.я) f 0 аnd tlerе1'or.с tlrе ]ilеd Ф шust tulir to zcro at ]easl, onсе оn 1Ьo

сiтс1c I( aссoгding to olle o{ the ргovоd tttrolems. so tlre tтaлs1,oгпla1'ion f hаs i!1 l(';rst

ole fixсd pоirrl,. 'Ji}rе tilсогenr is provсd, l
It is сasy to рrovе 1he 1'o1]owing geпеrаЬzatioтL oI thе RohL ]]rowы theorсrll:

Th€orem 9 Аnу |oпtiп11o|Is t|аnslalmа|ioт| oJ a $e|'.Г honLеonюrplliс Io а (|ircLс i]1Iо

|L\еIJ hаs аI !еosl oпе lirеd pоin|.

PRooг, I,сL 1ьe the gjven tгаnsi.olmation' leL 1t. lle а сirс|.:r,n.] |ct 1, Ьo а

homсolnorphism of1L jnto thс sсt ?. .l.hеrr ]]-1l,'IJisa transfоrпation o[ til{.l (]lr(]с

л i tо itsсll.\уhiсh has a 1iхed роint Ьсс:rusе оf jts сonlilП]itу. Let I] ' l,'I](Мn) = i\,|a.
,i]hсrr сvitlсnt]v -B(,иo) ls Lhe fiхеd Poill1 OI thо givсп t lаns Гol'mal]on, .l.1rс tlLеtlrerrr hаs

Ьсe provе(L'

As:rл схaлrp1e oI пsing 1hс Rоh] l]rowег thеoгсrn ive afIъсt l,1rе qllestiол oI.сx]stеlLсс

of sоlutions ot еqual,ion sуstсlns. Сonsidcr аrr equаtiol sуstсm .,l thс l'oГm:

l r = РФ',!)

I ll t.'r г. r]

п,lleгс ,/, and Q аre de{irrul and сont]пuous at all Iеl1 t а'nd y. Defill(: a |l'ansfoтmаLiolr
oг thе рlanс into itsolf:

FF'у\ = { Р(x'a)'Qk'u)},
,thсn tllе givcn systсm is equjvа.lent to thс \.есtoт еquа1ioп

i,il = Г{!uI)'
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.Гhe quеstion of existenсе of thе system's solution turпs into thr qцestion of eхistenсe
of fiхed points of tie transfoтmation lr. Thегefoгe *с сan oьtaiп diffet,eot сгiteтiа oI
ехistcnсе ofthс systеm's solutions. Foт eхamрle, lсt {unсtiоns Р aпd 0 Ьe Ьounоeo;

v"'r a R 
t

Рk,!l) |< сa

Q("'у\ 1S ц
Thеn the ],ransfoтmation д tlansfeгs thе сjlсle dеfined Ьy the inсqualitу

r, +у, < 2сзь

into itself а,nd so jt ьаs а,i |east onе liхed pоint and the givсn system has аt 1еast onе

We с:rn сasilу provе tЬс Ьasiс trJgeЬтa theoтеm using of veс1'or lield theolv.

Theoгem 10 Аnу noncoтlslаn|' polуnomi'аl

IQ) = z" + a|z"-| +., - + а-,

'uJ|lеrе о11 ' . ' 'аn 
аrе complеl coеfit:,iеrlls hаs a| leаsl onе сomPlФ root.

PRooг. ],et R>|uo + |al l+.'.+ ]," ' l+t' Thеn on thс сilсle (lrfineo Dy
ihе еqual,ioп ] ,l= I. th.] {ollowjпg iпеqualitу tlkеs plaсс:

1J(4_z" < a,' l |Л" l+ a".,|R'"-,+.,.+ ]сr ]л+ lс0 < li'=| ;"l'
sо lihe lotatioл o| thс 1ield l(z) оn 1his сirttс is equа,i l,o tlro Io1ation oI its ln;ril pагl, 

"',,i,с. f.. TltеIeIoгс the ]ield /(z) turлs to zетo at lеаst at oтLe Point irnd thс рo]уnomlal
i(:) has a1 kjasl' onс сomр1сх тool,. Thе thеoтсm has Ьесrr ргoved. l

Sinсr: thе indсх of thе null of anу potуnomial is еqua| to its oгdcl, thе sum of 1hе
ordеrs oi all thе roots of a рolynomiа,l oI dеgтсе n is п.

It rvа"s shown that the indeх of allу ot tltе {unсtjonъ nulls is equal to iLs oгdст and
tlrе indех of а pоle is rqual to il,s ordсг tаken with the minus si8n.

Let /(z) Ьe an analytiс lunсtion havjng a 1inilс nuпrЬег o{ nu1ls and рoles in thе
аг€a Q с с and сontinuous irt а'll the poiпts o{ tlrс Ьoundеd с|osed a'r€a п cхсrРt thс
poles, and let lunсtion / havс no nu1ls on the Ьoundaгy i. оf thе aтea Q' Let 1vl(J, o)
ьо the numЬеr of the nuПs оf the funсtioп / in the arca Q, lct л,(/. 0) br thе numbоl
of tlrе poles, сounting every null and рolе as manу t]mеs as 8reilt its oldeг is. If wс
сonsideг а, pole as a zетo of a negativr oтdeт, it is natuгal to са,ll the diffеrеnсe

/vt(/'o) 'rv,(/'n)
the al8eьтaiс numbeт of nulls' Let the initial vаlue ofthе атgument ofthс fцnсtion l(z)
Ье ф0 when gоing around the сontoul Г and lel, thе finа,] value of thr algument a'tеr
the wlLolе юund be Фl. Then

' 
/\r1(/, o) _ 1v,(/, о) = *to, - o"l
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iГhis fotmu1a is сaled thr аxgument pтiпсipie iп the theolv of analYtiс {unсtiоns' Il:l
funсtion 9(z) analytiс on I sа,tisfies thе сondition

vz € | g(z) <| 'I(z) |'

then the fiеlds /(z) and 
"/(z)+,(z) 

Ь ave the same nu mbeтs оI nu]ls Ьесause the fietd l(z)
is thе main ра,тt of the neп IQ) + g(z) anсl their rotаtjons aте eqцы on I.. ThетeIоIe
if the furLсtions / and g have no poles in the а,lea I, then l and l t 9 have thе same
numьel of nulls in the aтea Q. Tiъ statemеnt is сa]lеd the Rouсhe thеolеm ]n the
thеolу of analytiс funсtionБ'

Let I Ьe a сlosed pieсewise smooth сulve аЛd lrt / ьe a {unсtioл, analytjс on the
aтеa Q Ьorrndеd Ьу thс сuтvе I. Then /(z) a]teгs сontinuouslу and does not tuln
to zсю' Thе fr.rnсlion ln I l(z) | does not have an inсIсmrnt on tlrе w]role тound alolLg

the сшve г. so

In

l(z) = o (*).

II 7 is the гotа,tion oI the {ield f(z) on thс сurve l, tien

1 = *Ф, - ф") = * ! o*'uu, = } | o," o**,u,.

цnion with (*)' it 8ives

1r
r = 

= 
Фdln(| /(?) le,"sL,L.ll

2тx -1

.r 'o

,=*!щ*
}teпсе

This еxртеssion is саllеd 1hе togaтithшiс rеsidue ol the funсtion /(z) wi1h lсspесt to
ihе сulve I. Thе Ьasiс theoтеm aьout logатithmiс lсsiduс delivеs flom thс Pтrvions
тсasoning аnd is expтеssed Ьy the {o1Jowing foтmula:

1 | f'(r\ -

^, ф 
,_--:_ d? = ,\ (/, a) , N,(/. a),

'""i ''-'
We lеtuln to sуstеms of eqilаLtions now. I,et the following sуstem be given:

| Р@,у) = 0

l8(''Y)=o
where trhe 1unсtio s Р and Q а'тe соntinuous Ьy thе unioп of иrтiaЬles in а, сlosеd :rrea

Q with a Ьounda,тy I. Consideт thе сontinuous veсtoт fiеld

Ф(r 
'1r) 

= {P(a 'у),Q(.| 'a)}
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on Q' If thе lotation of this fiеltl on I is not zero' thеn at 1east оnс solutjon of 1hо
system eхists in the ai'ea Q, othсIwisr we сал try to find sllbа,.e:!s ol с Q on lvhosс
Ьotndirries 1he rotation js not zсгo.

Wс сan, {oт ехamplе, tind the тotаtiol appтoxiтnatelу ьy thс Poin сa.6 loтm rrla w|th
p]'ссisiоn 0.5 and aftеI that round t}Lс lesrrlt to an intеgrг nnmЬеI' sinсс the гotation
oI thс vссtoт Iiе]d is a,lwilys iпtе8€г (ii jt схists) rvc will oЬtain thс eхaсl valuс оf tlrс
Ioiation. Wr сan usе this flоthod аlso whcn wc еslimatс the errol of the aрpГохimatе
solution.{z6'E6}. If^the rotа,tion olthе liе]d Ф on the сirс]с dсIinеd Ьy tiс ortl]аtiоп
(r 

'o)' + (.у }0), = ,,, vheтe p is а Рositivс numЬеI' is not zсro, thеn the {oLtnd

apргoхimа'tе vatuе o{ the solutio is atr а djstanсс is 1es6 than p flопl ljolne eхaсt solution.
NoW 1еt onс so]uiion of tьс system Ье knowп аlld iсt its indeх ьe kпown too' II this

indeх djfioГs 1iom thе rot:Ltion oг the ficld Ф on I, thоn some other sohtiolL oт solutions

Anotьel nеthod oI ploving сxistеnсe of the so]xtjon is Ьаsеd on nоп.hol otopy o[
vесtoт lields of diflоrеIl1 lotations. Look ai this mеtlоd il derail.

Givel ii sys1e1l o1сqUations:

whетс thс fuпс1ions P, 8 а,nd ,B аxl) сoпtinuоus. The еqu:r,tion Л(z'y) = 0 dеIinсs soпle

flai line, srrPрosс l'his line соntа,iЛs а сlosсd Joтdan сlr.ve I, сonsidсr thс sсt oI thс
vесtor Iie1ds Фz:

Фi(r11) = ФI(''9) = \Р(I'\J'|)'Q(r'lJ' l)}

оn I. I,сt 1(Ф.',Г) l l(о'.'г). Thсnt}erеeхistssomeJс(zr'lz) at tvhiсh Iield Ф.

tuп1s to zelo 6omewheтe on l othетwise Фi' and Фi. wou]d hilvе ьeen homotopi( orr

Г and Ъad the same lotirtion on it, Thе zеro.vссtoг vаluе oI tlrе liсld Фl оn Г delirlоs
thе solution of the given systсm.

( r1''у1= o

\ Q@,a) = o

[ л(x], E) = 0
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Symmetriс Tr'ansfоrmations from Group-thеorеtiс Point of
View

P. Viеwkova

тhе сoпсеPt of symmetтy in thс most geneта,l sense treans that an oЬ.jесt oI a
рhеnomenon undет сoпsidетatioл has sometling pеImaneпt от invaтiant with rеspесt
to somе tlansfoтmatiom' In this altiсle point symmet-гy' i.e. the sуmmеtтy of isolated
1iguтes of finite dirrrension, is сonsidcтcd.

Wе intloduсe tle notion o{ a mоvement in a mеtr.iс sрaсе x. A Ьijeсtive m;r,р / o{

a thс spaсe into itself сonseтviпg the distanсe bеtweеn points is сalled а mo.r.еmenti

v а,ь с х Р(a'ь) = pU@)'J(,Ф)'

Wr са,lt the suРеryositiоn o{ tWо movements, i.e. thriI sequеntiai appliсation to thr
give sрaсc, thе pтоduсt of thе two movements:

fs(r) = s(.f(r)).

sinсe thс ploduсt of movemerrts is also а' movеment, it is nа,tulа,] to рt1t the quсstion
сoпсerning the algeЬтaiс stп1сtllre of the movеmеnts set I. Thтee jmрoltant рroрeтtiсs
take piaсe:

1) Assoсiativity o{ шUltipliсation:

Vo,.l,ссГ а(Ьc) = (aЬ)c.

2) Ехisiепсe o{ an €l€mсnt nеutral wilh lespeсt to multiРliсatjon' i.e. оf an ..jden.

tity'' movсment 1еaviпg еvеIу рoiп1 of thе spaсе fixеd:

]e€г: Vo€| ае=е'а=а.

3) Ехistеnсe oI ?l,n ilveтse element:

VaсI ]a-lсГ aa.\

These thтee pтopertiеs ald the сomplсtene6s with lesРeсt l,o mlltipliсatiоn dofinr
oп the set г а, gloup stтuсtuтe'

A stьБet .I/ of a gтo11р is a suЬgтoup i{ it is сomplite with тesрeсt to multiР]iсatioл
and sа,tisfies the gтoup axiomБi

E С|| va'ьеII аb'a-,,есII'
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Iinder thеse сonditions tlrеIe is no nесd to vсrifv multiрliсаtioп assoсjativity Ьссause
thъ loса] РтoРетty is automаtiсal1y inheritсd Ьy l1 IгorrL thс group г'

Wъ intтoduсе thс notion of а, gепеr:r,tivе сotlесtion. 
^ 

сolleсtion {a'} € -.1 genега'tеs
thо grouР -.1 i{ cvсгу e]еment of thс 8гol1p сan Ьс rсртеsеntсd as ihe prodlсt oI.l Jinite
llulnьсг oJ powrгs of tЬе еlепк:nts of сol]eсiion:

vJс// ]l.'lс\, lOJ J П,

vhcre allI]os1 t],l] 1hс сlсmсrLl,s Ji must Ьс Zсro (..almost i!ll,'lrLеаns irl1 ЬLt a linjtr)
лlлrЬсг).

tl js i'cssjl)lе to сxtlaсl froЛr ihс пlovсIllеlrls 3гoпp Г lhс glouР o|" svlllIпс1гr- ор
e|аti{'| gс|lr:rtrl0(1 l)v a сO]lcсtion o| svlnлlсtIy сlеrnсrrrs, .Т]1rе sуlnlпс1Iy elеmсnl's
|Ьг lhс |lo:rndсrl Ii8irгts аl( ro1аlion апd tлiтlor.!хсs. .l'he 1ils1 w]ll Ьe dсnotсd Ьv

t1l(]]а[lстЬуl]l.ir]]..,,.l,^-$,llсгеthсjndircssllоrvtlrсахtls'oldсгs.
J.}ril 1lгesсllсrl o' n' кnatioll .хis oIoldег rr in :r Iigrrlr: пiс'!лs 1|lа1 1uIno(] Ь\' ап3lс

2тln i1, соirrсir1r:s \\';th it's(!|j, 'l.I)ll1 iIIЦniсs (l = .-,l.hl ахis o1 t'lrо 1iгst oгtiог сrlтrlsрoпrIs 1o lIlс idсrtijtv op1!а],ioa' thс ахis o1 1,h(]

irr{iпj1r:.rr'dсг с.)гIеsPonds tо tlLе ор(lгir.l]olL Llrrrt .'sргсads'' а' Po]пl, ov(]l 1,hс (ir(lс lуinд
1rr 1Irс рlarlс or1hogonal to 1hе lцis.

,I.hс pгсsr:ntr: ol tlll jllvсГsion (or пliгroг) aхis shows thаt tllс jiвuIс сoi|r(|idсi wltlr

i1s.lJ';LIlсг1l1rllillgь)tllесorlespоndin3а.nglоа,пdtltспinYсl1'ing.j'с.к.j|о.1.ingо]1h0
sрlr:с irr l,1к. p]alrо pe|Pсndiсulаr t0 1h(] ахis and as а ltrlс pаssing l,hгollдh tllо с{xll Ior(t

ol Iiguгс. .ГЬat ilnpliсs lhа1 rvhеn rr is сvсl' l,i] =.j! wllоn п is odd' bj'. = r:,
.fht' пliгкlr ахjs o| th(] tiгst oкi(lr. сolгсsPonds io 1]tе simрb ].сIlц1ioп Оt 1]]c spllф

in 1hс 1)lапс pсrpсndiспl.rг to tllс aхis, thе IIliгIor nxis ol thс sс(:()lld ordог ссtгttsitoltds

1,o llLe ol)сratiol1 oI sушmсLry сеniсг,
.Ihс symmеtгу еlеlDeп!s do not Гoj]|l апу renaгkaЬlс аlgсЬт.Liс stг1|сl,uгсl how(tуо|.

sclе(l'ing somс sеt оf thсrn wе сап g(]nсг.ttе diff€гenl, suЬgгotlрs оL thс sr,лlIIlсtlv o|х'гa

tiоns glоtlР (oг siII)piу syInпLеtгу gгoup),9, lt is nсссssaгу 1o оti(]c 1hat t'his сo||с.lion

is lloi шinin]oпl, i'с. sdссtn]g dificгеnt sets oг symmetrj, сlomсnl's аs вепеГаl,iv{l (t)i

leсtions wс с.Iп oЬ1ain thc saIiс вгoup (".в- (ь.,) - (aз'{,|)). Th€ nаtxгnl Iсасtioll
rvoulrl Ьс сxсirrdiшg somс Iсdundant elr]lncnts out oг this сollссtioп, I}ut Iirstlv, l1 is

no[ so сlсai' |oг \тhal рurрosе (Рerhaps iusr foг Ьeautу), seсond1у, noЬody kпоtvs ц,lriсlL

сlеillепts aле гс{ltnd nt, thild1у' that wou]d гesL t only iл сomPliсirtiоn 01 thс tllг1hсr

геаso ing-
.l.hus wе сan attaсh to сvёг), figuтс solnс sуmпLсtгу вгоuр (wc пll'!у spсak of thе

grоtrp toт it a figurе lras two sylnmсiry oрeтatiоns, thеn its has аlso thсiг PГoduсt) l,hаt

is thе sеt of all thе syпlnеl,Гy movеment iftе| whosе aсtjon 1'1tс 1igllс сoinсidеs wil,h

itsсlf. It is also possiblе l,o selесt at l0ast onс set ol сlemеnts 8епсrating t]lis 8гoup.
suрРosc Ф is а ligurе, i.е, asсt oГ points in х. Thc sФ is its sуmmсtrу grotр il

V/ € sФ /(Ф) = Ф'

Quitс diffeIent figulеs maу Ьavе the same symmеl,тy group (e.8, а,ll thе sУmmеtry

opстations for thе n.aпgr al рyгaпlid аnd tlrе n.alrgulal ртism сoiпсidс)'
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If 1Ъe idelltitу opсrгarion is a оnl], syrllrnetriс tгaпsГorпalioп оt а ЛвuIс' ihol l h0

figuк] is саl1ed asуЛrnetтiс, lts svmmеtly gloup is tliviа']: {c},
.Io 

de1]пe thе sупmotl'у oРеr.а1ions Iо[ thе с()mЬination оI a se1 o{ Ьodiоs thс гlnkr\'

ing prinr:iplc is usсd, Aссoгr]ilg to it thс сomЬination jлhеt.its thс symmetIу 1rLеlnРn!s

сomтnon Ior iJl l'hiэ ьodies of thе sel]' ln othcl. tvoтds. wс iust tаkс the irLtсl'sеdiorl

ofthо sуmmrtгу grorrps ota]] thс Ьodies, Itisсasу 1o show i.l|аt Llrr intсIsссt]oП ol

slЬgгoups oI ono group is а']so its srrЬgrorlp. To do it оnе.iust l|as 1,o vегily t|lr ,lrоnр

Wс dсmonstlatс ]'his рIinсiРlr o ihе ехamрlс оf valious m цtuа1 sii'uа,liion ot а sРhоrе

rrnс] :r су]inсlсr, I'iгst \.vс 1ind thс genеIative сollссtion Ior 1lLе ьoih Ьo(|iсs seрi1г;]'1сlу,

T]lс сylinсlеr has: aLt kiпds oIsimple:rnd inveгsiol :rхеs Раrа||сl 1o its own а).is аnd

Passing thro11g1l its сеntel; thе e]етnсnts а'z lutd bz passing thlotr8h it's сentrт ill аLl l llс

diroсtions or1ho8оnalv 1jo i1's own aхis; ;rI] thе тоflссtion Plаnоs (lj)с(Лtainiпg its own

ахis; thr гс1leсtion Рlane рсгPсndiсIlar to its оwn aхis апd passiтrg through ]1s (cr!l,ст'

гor 1'tLе sp]lегe tho genсrаtivс сollссtjon соnLaiпs аll sогts oг ахos plr,ssing 1hlon8h jrs

ссnter witholt any resiтiсtion toг 1lс djr{rсt]oЛ (inсlLldjпg thе sупrrnсiту Plnnes d{rjiпсd

аs i1 wff sirid а,Ьovе, Ьv thr iпvt]гsion aхes ot t!е first oriе. sуmri{dгу).

сoЛsidеI thгеo l.arian],s oI the тIпlt|1аl sil,nаtjоn of xhоse 1\i.o Ьodiсs (sсе l'jg, 1 /''

b, .'' In Oase (o.). rvhеrL t]ш: сеntсIs oГ the суlirкlсг and 1]lс splt€rr сoi сidc, аll thс

sуlrrirretrу elсrrоll's ате сollllnоn for t]le Ьoth Ьodjrs' so the sYmmeiтv g.otр оI 1illсir

сomЬinаijjоn сoirrсidсs rvith thс symmetry gгouр o| r:у11пdcт' In {iasс [0]. lt.ho'l the

сyl]nr]ег's ахis pа.sses lhrough the сentсr oГ tl|е splLеrе' 1hr: соnЬinаtiоn inlLeliiis onIv

tlle сvlindel's simрlе aхis and the i'eI]фtion р]anсs сolltaininB lih{r its оrvn aхis' тn 1]|.

rпost gеnсгal сase [Саsс (сJ] оn1v oпr тefiссtioп p]anс сontaiпJlg l hс су1inс1сr''s ахts anti

the sрherс's aхis rоmаils'
\\iе рror:ееd Lo сonsidеratjon oi 1,hо рo1yhссlrоns'sуlnmсl,ri] 8looPs. Is lherс irЛv

rеstгiсlioЛs 1(rг Llсm? .jеrtainly, }.es- l],g' iher'с is rrо rvirv foг а' pоlrЪсdгon to lrave а

sуm]nсtrУ glo1lP o{ a sphегe' OЬvious1v а]1 1'he svmmёh'v aхеs о{ а РolyЪe(l|'on hаv0 1,о

р)ss tlгопgh {)nс Poi t tiat is i1s сrntеr' \4/e lv;Lпt 1'o ]Paтn hоrv tо YсгiIY РossiЬilit! of

thс сons1iтUсtion oГ a рolуhсdгon with a givell synlm{'tгу 8тоuP'
SuppLlsе ivс aгc givсп srrl:h а, gтoup and а sуmпrtrr- сlollLonts сol]ссtioЛ gonс''а,ting

it' .I]аtё 
aп'v plaпe' a lЬсe оf thе Irrtuгtl роlyhсdron !1.e wаn1' ]'o сonstтпсt. ;[nd рu1 jt

..nelт'' sornr: с(]ntФ t]|гo 3Ь rvhjсll all l']re givеn symrnеt''y elсrneUts P?|ss. 1rLrГthег w0

аplrly 1]lе svrnrnetry ele]nеnts to ]t. .l'hе p]аnо гo]]ссts аlld fo1'atсs ]п cvсгy wау s]!(n
Ьv the gсnогlrti\.с сollcсtiоп. As a гesLr]t, Wс oЬLаjЛ sсvсrаl IIjoj'r] pli1nсs lUii(]h чti,r],

also rеILссting а'п(] rotatiЛg, r\nd so on' and so fЪ|th. l)oсs sпс|l a pгoс(]ss 0vсг stор.

Pстhaps, уеs, t,hcп w€ gс1 а ]initе numЬсr of рLan.]s сoilLсidi g \l,it]) eасh o1|rст nnllн
thе ас1ion о{ tLre syпrrlоt.y сlrпlents, Do thoу Ьound а po|yhсdтon'l ],ossiЬ]у. vоs,

'l'hen \!с агl) 10сkу. lti]allУ wс сan 8et a paiт ol pa,гaltсl Рlirnes. а (|ihсdгoЛ aп8]e or

а' r:v]inсЬjсal or сorriс suтfaсс ovcт a геgrr1ат рolуgоl, I{ thо pтoсess doсь not slop' wо

ol)tain аn infi itс лrrmЬсг of р]anes Ьouлding thс гoiа],ion Ьodу оf a stтirigfil trrrс. a

Ьrоkсп Lilс oг a сiгсЪ.
Е'g. wе 1jake the tпidireс|ionа,t simple syfllmrtlу ахсs of thе Jil1h а,nd 1lriк| oт.

.]er.s. -\s а' гcsrLlt .э]'thеir apрliсatiorl 1hе Plаne tUГ[s Ьr' аll tlr: angLes 2г(пl/3 -|
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7l/5)) wherc 7n' n € Z, t.е' Ьу a|1 the fifteenth рarts. so it Ьounds a сoniс suгlaсе ovег
а теgular 15 an8]e oг' if we tаkс a Plаne oг]'hogonal to thс aхсs, a hall spaсe lvhоsс
boundary (:oi]lсides with itself а,t сvсry tltгп.

Thс dеsсriЬed iiЬove ргoссss Iсsr ts jn dividing thе sРaсe into seveгаl сolnесtеd
сolnPonспl,s. \\re sе]есt fгom tierll thс onе сoпtaining thе сentсг. i-с, tlre illl,еIsссtiоn
sс1 o| all thс symmetт}r еIеmепts (a роill, ог a line)' aпd саll it tho liguге вeп€гаtоd ь!
thc gilen sуmп|elrу 8lo1|р. 

,l'h1rs w0 аssoсiаtс wiL]l rvсIу рtliг s]/rnrn.ir,./rо1I|, phnс
a sеl] oГ poin|s ()1'l,h{] sрас{] ,т-

it is рossiЬlс lo desс|iьe a]l tIIe s.vinntetrУ gгoLIрs dе{iЛiп8 Polуhсd(а. 
.l'htrt ul

tiп)alс]у гсdlL(|.js 1o 1hс j1оm Ьy iLllln eхапlinаt]оlL ot i,lre al] рossiЬle vагil|ll,s o[ 1ll{'

sуmIпс1гу (.1сlll('llts сorпЬiпаtion satis|уing thr gгouр aхioms,
Aпloпi] the sупlrпс1'гу 3кЛlps о1.1'hс bouпdкL li8lIr.es 1]Lо сIvstir'llo8гnPhjс sуtnIlrс1гiс

glоups. i,e, the sупlпlсiГу 8rouрs o{.rуsLir]s, stаn(] sсparаiс' Tь(] сгуsta] svmmrtrv
еlсlпсnis оI ])oLvhоdra аrс oп1y sirnр]с and i]lvQrsjon itхes of tlle sцо]ld' ihiПl' iouгth
and siхth ordeгs iп olle ог aлoihor сomЬ;ntltion, l.llc гost aхes is |oтЬidtlеlr ful lhcпr аs

thс Ргosеn(e ofsllсh aхrs ill a сгr'stаl is inсomрaliЬlс wit1l ttс пotioп о1 {]l!sl.?rL]aLl,iсо,
,l.hс gсnегa| lrlrпrЬст o! t|lс {lys1аllogгaрhiс gгortps irте 32. 1hсy 8{'luа1с 4] Pоlу-

hшJrа (dсpсnding on sе]eсt]оп ot thс iniliаl гaсс foг thс givсn sytnпrсtгу gfiЛrP. оl|с
ol'а o1hсr рolуhсdlon сaп Ье fотпed), шъ musl notiсс that hсrе tIс (|{]fill]ti()i o' l)

рolvhсdтon аs a Ьouлtlеd ligrrкr slr{lЪгs Ьссallse lILis nuлl}х]г сol]Lajns alsо 7 plisшrs aлd
7 р!lami,ls riсt Ьоuлdсd ..1iom аЬoi.е'' at'd ..noпt Ьсlоrv..,

^l] 
tllо сгrst;r|loglaphiс !.roups nrо (]iv]dм into 7 syngoni€s, \\li1]r сrrсh oГ ilспr

ils owп svrт]тndгv gtoup tvllosс suЬgгoups агс all thс gr'ouрs ultсrjng lh(] sv|Lg()n! ]5

\\ъ l11llst Л()1iсе tIra1 1hrr {irst tlvo sr'tlgoniсs (Inoлodinс and 1гjс]inс) (|o |!ol gсll(rl1(l
illoir or!.п l]l.ouрs Ьссauso of thсiг Povсгt}'

^ 
со|nl)ll1сг Рtogгlln dсIЛolLstгatin8 a]] thс схisliпв сгYstt logгаPhiс рoIy1rсdrа is

woг](ed out. .l'll( inpUt d:r1l is thе (lсsсгipiiorI ol, l,l|{l g(]tlогal.ivс сo]l<ltioпs o1 аll 1,hс

svngoni('s. lhe dеsсгiption оt аll ]hсir suЬgгollps aЬle l,o gcпeтal,с polу|LеdIa nlld t]lo

initiаl ia ] J'o|' оv{]гу сrystalloglаРhiс Рolуhц1га, .i\pРlying to this ]!сс all tllо sylтlmolг)'
oроr?rl,iоlis o| the givon g{rnсlativс сollссtion thс Рюgrаm gс1s thс sеt ()1'гас(]s j.,оll| 1ltс
givсn рolvhtхlтon, so Гar oпlу as thс noгIlLals [o thс pl?rnes. Th€ Pojnt is tlLal aЛv
polvhсdrorL gеnсга,tсd Ьv a symmсtrу gгoup is dсsст1Ьеd silLсе al] jts taссs aте |oгmеd
as a геsult oг rotatinв one of thсIn (ttre ilritial liсe) a,rld hсrl.e theiт distаILtсs to tl]()

ссntrг aте thе strпс. Thal, is wlтy thс noгIllаls 1o them aгc suffiсient lЬг theil unjvalcn1'
delin]tion' гurther aftеI t]ne oГ oгder fl4 (whсгe n is th(l nufiЬeг oГ |aсcs) the рIogr.rltl
finds a]] its summits and сd8еs a(сording to the l,ollоwing aigorithm.

тhс itirm.ьу itelп exi'nri irtion oI а]] 1гip1еs of рlаn{]s tа,kсs p1асс. lbгоrrdl oftlrе
l,тiрlсs tlre pojnt ol inteгseсtion of tЬс Planсs ь found (if it eхists) апd veгifLсatioл ol lts
ьеlоnвing to the polуhedгon is dolе (molс simplу' thc pоint Dlust ]iс to thе samе sidо

oi сvсry plane as the ссntеI ofthе poiyhedrol oг Ьеlоng l]o thс plаnr). ,\u 1]r. ..8ооd''

pojnts aгe sе]есtсd and thosе of thеm that have l,Wo сommoп рlirncs ;tl.с сопneсte.l with
ed8()s. Пlrtiсг dсfinition of the visjЬlе and invisiЬtе faссs is doле dеprndin8 о thс
djlес1jоns oI their пormаls.
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Thс Рrоgтam оutрuts thс image on thс sсгeeл a11owin8 to Iotate it in diftеrent
dileсtions foт Ьёtteг vjsuа,lization' one of the mеnu optioлs gives a рossiЬilitv to look
ilt аll the sУпimrtlу olements foт the 8ivоn polуhсdlon' 'l.hc progтam a]]ows l,o illtrr
thr noтm,J to the initia] faсе алd tо see how the polyhedтon сhangсs ьeса,nsс o{ thаt'
lt also allows to legu]atе th€ тotation sрeеd and t1|e size 01 po1yhedтon, The imа,gсs of
sеveтal стystalloglaрhiс polуhedra {ormеd Ьу thе рrogram is givсл ь€low.

гig' 1,

solne сгystalloglaphiс polyhеdrons

1' lllromЬiс 2. .Iъtтаgoni!,]

disсphслojd
3. CuЬjс

tеLrahedгon



P. Viewkova

4. ,1.гigonal

г(!tгавоnаl

IIохagonаl
sса,]сnohсdrorr

6. Diteiranonal
dipугamid

r0l

L Tсtragonal
tгaРсZohеd гon

Dihсхagonal
dipvramid

l0 l[ехagoпal
traperohedror

11. .lъt.agoЛal

diрyrаmid
RltomЬiс
pпsm

1'2.
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13. 'lligon
lтjstetIalledrоn

14. Telrir8on-
tтistetIahedron tгistei]гahсdrolr

15.

l6' ltех.ttеtlahedron 17' l.riвon-
t s.oсtа,hedIon

1i). IIt.хаoсtа,hсdтolL 20. fъtгahсхahеd|on

|я ]ъt' лf..'

tгjs-oсtanеdlon

2i. Rhоlnl,
do{leсаhedroтI



P. ViеWkolъ

22' Pсntagon.
dodcсahedтon

23. Dе]toid 24. Pentagon-
t oсtahedтon
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